O-OPERATORS OF LODAY ALGEBRAS AND ANALOGUES OF THE 
CLASSICAL YANG-BAXTER EQUATION 



CHENGMING BAI 



Abstract. We introduce notions of O-operators of the Loday algebras including the dendri- 
form algebras and quadri-algebras as a natural generalization of Rota-Baxter operators. The 
invertible C-operators give a sufBcient and necessary condition on the existence of the 2"'^^ 
operations on an algebra with the 2" operations in an associative cluster. The analogues of 
the classical Yang-Baxter equation in these algebras can be understood as the O-operators as- 
sociated to certain dual bimodules. As a byproduct, the constraint conditions (invariances) of 
nondegenerate bilinear forms on these algebras are given. 
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1. Introduction 

Dendriform algebras are equipped with an associative product which can be written as a 
linear combination of nonassociative compositions. They were introduced by Loday ( [Lol] ) in 
1995 with motivation from algebraic X-theory and have been studied quite extensively with 
connections to several areas in mathematics and physics, including operads ([Lo3]), homology 
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([Frl-2]), Hopf algebras ([Ch], [Hl-2], [R55] . [LR2]), Lie and Leibniz algebras (H), combina- 
torics ( |LRlj ). arithmetic( |Lo2] ) and quantum field theory (jEJ) and so on (see |EMP] and the 
references therein). 

Later quite a few more similar algebra structures have been introduced, such as quadri- 
algebras of Aguiar and Loday ( [ALj ) and octo-algebras of Leroux ( |Le3] ). All of them are called 
Loday algebras ([3, or ABQR operad algebras in [EGl-2]). These algebras have a common 
property of "splitting associativity", that is, expressing the multiplication of an associative 
algebra as the sum of a string of binary operations ( |Lo3j ). It is also called an (associative) 
cluster of operations by Leroux ([Lel-3]). Explicitly, let (X, *) be an associative algebra over a 
field F of characteristic zero and {*i)i<i<N : X ® X ^ X he a. family of binary operations on 
X. Then the operation * splits into the N operations *i, • • • , *Af or the operation * is a cluster 
of N (binary) operations if 

TV 

x*y = '^x*iy, Vx,yGX (1.1) 

i=l 

In this paper, we will pay our main attention to the case that the number N of the operations 
in the string is 2" (in fact, there are the dendriform trialgebras with N = 3 ( |Elj . |LR3j ) . the 
ennea-algebras with N = 9 ( |Lelj ) and so on). 

Of course, besides the relation (1.1), *i should satisfy certain additional conditions. In fact, 
there are several quite different motivations to introduce the Loday algebras (including dendri- 
form algebras, quadri-algebras and octo-algebras) whose operation axioms can be summarized 
to be a set of "associativity" relations ( |EGlj ). In this paper, we give an approach which em- 
phasizes the bimodule (representation) structures of these algebras. For these known algebras, 
one can find that in an associative cluster the 2""'"^ operations give a natural bimodule structure 
of an algebra with the 2" operations on the underlying vector space of the algebra itself, which 
is the beauty of such algebra structures. Equivalently, the "rule" of constructing such algebras 
in an associative cluster is that, by induction, for the algebra {A, *i)i<j<2", besides the natural 
(regular) bimodule of A on the underlying vector space of A itself given by the left and right 
multiplication operators, one can introduce the 2""'"^ operations {*i^,*i2}i<i<2" such that 

x*iy = x*i^y + x*i,-^y, \/x,y G A, 1 <i< 2", (1.2) 

and their left and right multiplication operators can give a bimodule of {A, *i)i<j<2" by acting 
on the underlying vector space of A itself. For example, it is known that a dendriform algebra 
gives a natural bimodule of its associated associative algebra ( |Lolj ). 

These algebras have been studied extensively from many sides including certain operadic 
interpretation ( |Le3j . |EGlj ). Obviously, it is quite important to consider how to construct 
a new type of algebras from the known algebras. As has been pointed out in jEGlj . one of 
the main themes is the use of a linear operator with certain features. A successful example is 
the Rota-Baxter operators on a known type of algebras to obtain another type of algebras with 
richer structures. Rota-Baxter operators were introduced by G. Baxter ( |Baxj ) in 1960 and were 
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realized their importance by G.-C. Rota in combinatorics and other fields in mathematics ([Rotl- 
4]) and have been related to several areas of mathematics and physics ([At]. [Mil-2], [Caj . [Per] . 
[Deb], [Ng[ , [CKj . [El-2], [EGl-2]). In fact, a Rota-Baxter operator on an associative algebra 
can be used to construct a dendriform algebra ( [Ag2[ ), a Rota-Baxter operator on a dendriform 
algebra or a pair of commutating Rota-Baxter operators on an associative algebra can be used 
to construct a quadri-algebra ( [AL| ) . a Rota-Baxter operator on a quadri-algebra or a set of 
three pairwise commutative Rota-Baxter operators on an associative algebras can be used to 
construct an octo-algebra ( [Le3| ). 

In this paper, we give some more direct relationships between these Loday algebras. The key of 
our study is that we introduce a kind of operators, namely, O-operators of those algebras which 
generalize the Rota-Baxter operators to all bimodules. In this sense, Rota-Baxter operators 
are just the O-operators associated to the regular bimodules. The notion of O-operator was 
introduced by Kupershmidt ( [Ku| ) for a Lie algebra and can be traced back to Bordemann 
( [Bolp in the study of integrable systems. It was also extended to be defined for an associative 
algebra ( [BGN| and [Bai3| ; such a structure also appeared independently in [U] under the name 
of generalized Rota-Baxter operator). A direct consequence in the case of the invertible O- 
operators is to give a sufficient and necessary condition on the existence of the 2"^^ operations 
on an algebra with the 2" operations in an associative cluster, which to our knowledge, it has 
not been written down explicitly yet. 

On the other hand, one of the reasons that Kupershmidt introduced the O-operators of a 
Lie algebra is to generalize (the operator form of) the famous classical Yang-Baxter equation 
in the Lie algebra ([Se], [Ku| ) . Even an O-operator of a Lie algebra can give a solution of the 
classical Yang-Baxter equation in a larger Lie algebra ([Bail]). So it is natural to consider its 
analogues in associative algebras and the Loday algebras. The associative Yang-Baxter equation 
was introduced by Aguiar ( [Agl[ ) to study the infinitesimal bialgebras given by Joni and Rota 
( [ JR| ) in order to provide an algebraic framework for the calculus of divided difference. Its 
relation with O-operators of an associative algebra has been given in [BGN| . An analogue 
of the classical Yang-Baxter equation in a dendriform algebra was introduced in [Bai3| which 
was closely related to a kind of bialgebra structures on dendriform algebras (dendriform D- 
bialgebras). Both of these analogues can be interpreted in terms of O-operators. With an 
adjustable symmetry, a solution of the classical Yang-Baxter equation in a Lie algebra and its 
analogues in an associative algebra or a dendriform algebra is just an O-operator associated 
to certain "dual" bimodules of the regular bimodules. In this sense, the classical Yang-Baxter 
equation and their analogues are "dual" to the corresponding Rota-Baxter operators and it is 
also reasonable to extend such an idea to the other Loday algebras. We believe that all these 
analogues would play important roles in many fields as the classical Yang-Baxter equation in a 
Lie algebra has done ( [Dr| . [GP| ). 
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Furthermore, the above study has a remarkable byproduct. It is known that the nondegener- 
ate bilinear forms satisfying certain ("invariant") conditions are always important ( [Bo2j ). like 
the (symmetric) trace form and the (skew-symmetric) Connes cocycle ( [Co] ) on an associative 
algebra. However, sometimes, the "invariant" conditions are not easily known for certain al- 
gebras. Motivated by the Drinfeld's famous observation on the relation between the invertible 
(skew-symmetric) solutions of the classical Yang-Baxter equation and the 2-cocycles in a Lie 
algebra ( [Drj ) . the invertible solutions of the above analogues of the classical Yang-Baxter equa- 
tion (with an adjustable symmetry) also can give some nondegenerate bilinear form satisfying 
certain conditions. By using the O-operators again, one can find that these nondegenerate 
bilinear forms on an algebra with 2" operations can give the splitting 2"+^ operations in an 
associative cluster. We will illustrate that, starting from the symmetric invariant (trace) forms 
on associative algebras, there is a chain of bilinear forms which corresponds to the cluster of 
operations. 

The O-operators of an associative algebra have been studied in [BGN] and [NBGj where the 
relations between the associative algebra and the compatible dendriform algebra structures were 
given. In this paper, we will give a detailed study on the other structures. We would like to point 
out that although many structures are similar and many results seem "reasonable", an explicit 
and rigorous proof is still necessary. It is also necessary to write down the details explicitly for 
a further development. Furthermore, it is likely that there is an operadic interpretation of the 
study in this paper. The paper is organized as follows. In Section 2, for self-containment, we 
recall the relationships between the O-operators of associative algebras and dendriform algebras 
and associative Yang-Baxter equation. In Section 3, we study the O-operators of dendriform 
algebras and their relationships with D-equation which is an analogue of the classical Yang- 
Baxter equation for a dendriform algebra and quadri-algebras. In section 4, we give a similar 
study on the O-operator of quadri-algebras. In Section 5, we summarize the study in the previous 
sections and then give a general illustration of a similar study for any algebra with 2" operations 
in an associative cluster. 

Throughout this paper, all algebras are finite-dimensional and over a field of characteristic 
zero. We also give some notations as follows. Let A be an algebra with an operation *. 

(1) Let L^:[x) and R^{x) denote the left and right multiplication operator respectively, that 
is, L^{x)y = R^{y)x = x * y for any x,y E A. We also simply denote them by L{x) and 
R{x) respectively without confusion. Moreover let L^^R^ : A gl{A) be two linear maps with 
X — > L*(x) and x R*{x) respectively. 



(2) Let r 





where 1 is a scale. The operation between two rs is in an obvious way. For example, 

ri2 *ri3 = '^ai* aj 0bi<^ bj , ri3 * = ^ Oj (g) aj ®bi* bj , r23 * ri2 = ^ (g) aj *bi® bj , (1.4) 
«.i i,3 i,3 
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and so on. 



(3) For any linear map p : A ^ gliV), define a linear map p* : A ^ gl(V*) by 



{p{x)u,v*) = {u,p*{x)v*), \/x € A, u e V, V* e V* 



(1.5) 



where (, ) is the ordinary pair between the vector space A and its dual space A*. 



2. Preliminaries: O-operators of associative algebras 



For self-containment, we recall some facts on O-operators of associative algebras. Most of the 
results can be found in [Agl-4], [Bii3] . [BGN] . [NBG] . 

2.1. O-operators of associative algebras and dendriform algebras. 

Definition 2.1.1. Let A be an associative algebra and y be a vector space. Let l,r : A ^ gli^) 
be two linear maps. V (or the pair (/, r), or (I, r, V)) is called a bimodule of A if 

l{xy)v = l{x)l{y)v, r{xy)v = r{y)r{x)v, l{x)r{y)v = r{y)l{x)v, y x,y £ A,v & V. (2.1.1) 

In fact, according to [Sc], {I, r, V) is a bimodule of an associative algebra A if and only if the 
direct sum A(BV of vector spaces is turned into an associative algebra (the semidirect sum) by 
defining multiplication in yl © y by 

(xi -I- vi) * {x2 + V2) = xi- X2 + (/(a;i)f2 + r(x2)f 1), Vxi, X2 G A,vi,V2 £ V. (2.1.2) 

We denote it hy A tKi rV . 

Example 2.1.2. Let A be an associative algebra. If (/, r, V) is a bimodule of A, then (r*, /*, V*) 
is a bimodule of A, which is called the dual bimodule of {l,r,V). In particular, both {L,R,A) 
and (R* , L* , A*) are bimodules of A. The former is called a regular bimodule of A. 

Definition 2.1.3. Let (A,*) be an associative algebra and {l,r,V) be a bimodule. A linear 
map T : V ^ A is called an O-operator associated to (l, r, V) if T satisfies 



Example 2.1.4. Let {A,*) be an associative algebra. A linear map R : A ^ A is called a 
Rota-Baxter operator on A (of weight zero) if R is an O-operator associated to the regular 
bimodule {L^,R^:), that is, R satisfies ( |Baxj . [Rotl-4], etc.) 



Definition 2.1.5. Let A be a vector space with two bilinear products denoted by ~< and 
{A, is called a dendriform algebra if for any x,y,z £ A, 

{x ^ y) ^ z = X ^ {y * z), {x ^ y) ^ z = x >- {y ^ z), x >- {y >~ z) = {x * y) >~ z, (2.1.5) 

where x*y = x^y + xyy. 



T{u) * T{v) = T{l{T{u))v + r{T{v))u), Vu, v £V. 



(2.1.3) 



R{x) * R{y) = R{R{x) *y + x* R{y)), V x, y G A. 



(2.1.4) 
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Proposition 2.1.6. ( [Lol] ) Let {A,~<,y) be a dendriform algebra. 

(1) The product given by 

x*y = x^y + xyy, Vx, y £ A, (2.1.6) 

defines an associative algebra. We call (A,*) the associated associative algebra of {A,y, ~<) and 
{A,y,~<) is called a compatible dendriform algebra structure on the associative algebra (A,*). 

(2) {Ly,R^) is a bimodule of the associated associative algebra (A,*). 

The following conclusion is obvious. 

Corollary 2.1.7. Let {A,*) be an associative algebra and y,~< be two bilinear products on A. 
Then {A,y,~<) is a dendriform algebra if and only if equation (2.1.6) holds and {Ly,R^) is a 
bimodule of (A,*). 

Theorem 2.1.8. ( |NBGj ) Let T : V ^ A be an O-operator of an associative algebra (A,*) 
associated to a bimodule {l,r,V). Then there is a dendriform algebra structure on V given by 

v = l{T{u))v, u ^ v = r{T{v))u, yu,veV. (2.1.7) 

Therefore, there exists an associated associative algebra structure on V given by equation (2.1.6) 
and T is a homomorphism of associative algebras. Furthermore, T{V) = {T{v)\v € V} C A is 
an associative subalgebra of {A, *) and there is an induced dendriform algebra structure on Tiy) 
given by 

T{u) >-T{v) = T{u>- v), T{u) -(Tiv) = T{u '<v), V n, t> G (2.1.8) 

Moreover, its corresponding associated associative algebra structure on T{V) given by equation 
(2.1.6) is just the associative subalgebra structure of {A,*) and T is a homomorphism of den- 
driform algebras. 

Corollary 2.1.9. ( |Ag2| ) Let [A, *) be an associative algebra and R be a Rota-Baxter operator 
(of weight zero) on A. Then there exists a dendriform algebra structure on A given by 

x>-y = R{x)*y, x~<y = x*R{y), \/x,y G A. (2.1.9) 

Corollary 2.1.10. ( [NBG] ) Let (^4, *) be an associative algebra. There is a compatible den- 
driform algebra structure {y, -<) on {A, *) if and only if there exists an invertible O-operator of 
{A,*). 

In fact, if T is an invertible O-operator associated to a bimodule {I, r, V), then the compatible 
dendriform algebra structure on {A, *) is given by 

xyy = Tilix)T-\y)), x -< y = T{r{y)T-\x)), Vx,yGA (2.1.10) 

Conversely, let {A, ^) be a dendriform algebra and {A, *) be the associated associative algebra. 
Then the identity map id : A ^ A is an O-operator of {A, *) associated to the bimodule 
{L^,R^). 
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2.2. C-operators of associative algebras and associative Yang-Baxter equation. 

Definition 2.2.1. Let (A, *) be an associative algebra and r € A ^ A. r is called a solution of 
associative Yang-Baxter equation in ^ if r satisfies 

ri2 * ri3 + ri3 * - r23 * = 0. (2-2.1) 

Remark 2.2.2. The associative Yang-Baxter equation was introduced by Aguiar ([Agl-2]) witii 
the following form to construct an infinitesimal bialgebra: 

ri3 * ri2 - ri2 * r23 + r23 * ris = 0. (2.2.2) 

The form (2.2.1) of associative Yang-Baxter equation is exactly equation (2.2.2) in the opposite 
algebra ( |Ag3| ) and it was introduced in [Bai3| to construct a symmetric Frobenius algebra (see 
the end of this subsection). In particular, when r is skew-symmetric, it is obvious that equation 
(2.2.1) is just equation (2.2.2) under the operation cri3(x (^y^z) = z®y0x for any x,y, z G A. 

Let A be a vector space. For any r G A0 A, r can be regarded as a map from A* to A in the 
following way: 

{u* (^v*,r) = {u*,r{v*)), yu*,v*£A*. (2.2.3) 

Proposition 2.2.3. ( [Bai3] ) Let (A,*) be an associative algebra and r € A ^ A. Then r is 
a skew- symmetric solution of associative Yang-Baxter equation in A if and only if r is an O- 
operator of the associative algebra (^4, *) associated to the bimodule {RX,L*), that is, r satisfies 

r{a*)*r{b*)=r{Rl{r{a*))h* + Ll{r{h*))a*), Va*,6*G^*. (2.2.4) 

In fact, there is a more general relation between O-operators of associative algebras and 
associative Yang-Baxter equation. Let a : A® A ^ A® Ahe the exchange operator defined as 

a{x(^y) = y0x, yx,y € A. (2.2.5) 

Furthermore, let Vi,V2 be two vector spaces and T : Vi ^ V2 he a linear map. Then T can 
be identified as an element in V2 ® Vi by (T, (8) vi) = {T{vi),V2) for any vi G Vi,V2 € V2 ■ 
Moreover, since V2, Vj^* are the subspaces of V2 © V^, any linear map T : Vi ^ V2 is obviously 
an element in the vector space (V2 © V{) (V2 © V{) (also see the proof of Theorem 3.3.5). 

Theorem 2.2.4. ( |BGN] ) Let (A,*) be an associative algebra. Let (l,r,V) be a bimodule of 
A and {r* ,1* ,V*) be the (dual) bimodule given in Example 2.1.2. Let T : V ^ A be a linear 
map identified as an element in A (>() V* which is in the underlying vector space of {A t<r*^i* 
V*)®{At<r*^i*V*). Then r = T — a{T) is a skew- symmetric solution of associative Yang-Baxter 
equation in the associative algebra Ax^*,;* V* if and only ifT is an O-operator of the associative 
algebra (A,*) associated to the bimodule {l,r,V). 

Definition 2.2.5. Let {A, *) be an associative algebra. A bilinear form B{ , ) on A is invariant 
(or a trace form) if 

B{x*y,z) = B{x,y*z), M x,y & A. (2.2.6) 
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A Cannes cocycle of ^ is a skew-symmetric bilinear form uj satisfying 

uj{x * y,z) + uj{y * z,x) + uj{z * x, y) = 0, \/ x,y, z € A. (2.2.7) 

Theorem 2.2.6. ([Ag3, Proposition 2.1]) Let A be an associative algebra and r G A ® A. 
Suppose that r is skew- symmetric and nondegenerate. Then r is a solution of associative Yang- 
Baxter equation in A if and only if the inverse of the isomorphism A* ^ A induced by r, 
regarded as a bilinear form oj on A, is a Connes cocycle of A. That is, uj{x,y) = {r^^x,y) for 
any x,y G A. 

Corollary 2.2.7. ( [Bai3j ) Let (A,*) be an associative algebra with a nondegenerate Connes 
cocycle uj. Then there exists a compatible dendriform algebra structure y,~< on (A,*) given by 

uj{x y y, z) = u){y, z * x), uj{x < y, z) = uj{x,y * z), yx,y,zGA. (2.2.8) 

In fact, the above dendriform algebra structure is obtained by an invertible O-operator T 
associated to the bimodule {R*,L*), where T : A* ^ A satisfies (T~^(x),y) = io{x,y) for any 
x,y G A . 

Corollary 2.2.8. ( [NBG] ) Let {A,>-,~<) be a dendriform algebra. Then 

n 

r = ^(eiOe*-e*0ei) (2.2.9) 

i 

is a solution of associative Yang-Baxter equation in the associative algebra A ix_r;^,l^ ^* , where 
{ei,--- ,e„} is a basis of A and {ej,-- - ,e*} is its dual basis. Moreover, there is a natural 
Connes cocycle uj on the associative algebra A Xr*^^li_ A* induced by r^^ : A(BA* —>■ {A(B A*)*, 
which is given by 

uj{x + a*,y + b*) = -{x,b*) + {a*,y), yx,y e A, a\b*eA*. (2.2.10) 
Remark 2.2.9. The above result can be partly reformulated from [Ag 3, Proposition 5.8]. 

At the end of this subsection, we briefly introduce one of the motivations to study the as- 
sociative Yang-Baxter equation (the other motivations can be found in [Agl-3]), which can be 
regarded as a background and explain why it is an associative analogue of the classical Yang- 
Baxter equation in a Lie algebra. 

Recall that a (symmetric) Frobenius algebra (A, B) is an associative algebra A with a nonde- 
generate (symmetric) invariant bilinear form B{ , ). The study of Frobenius algebras plays an 
important role in many topics in mathematics and mathematical physics ( |Koj . [RFFSj . etc.). 
Motivated by the study of Lie bialgebras and Manin triple ( [Drj . |CPj ). it is natural to consider 
the following construction. Let {A, *a) be an associative algebra and suppose that there is an- 
other associative algebra structure *a* on its dual space A* . If there is an associative algebra 
structure on the direct sum A® A* of the underlying vector spaces of A and A* such that both 
A and A* are subalgebras and the natural bilinear form on A@ A* given by 

B{x + a\y + b*) = {x,b*) + {a\y), M a* ,b* A* , x,y A. (2.2.11) 
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is invariant on A(B A* , then it is called a double construction of Frobenius algebra associated to 
{A, *a) and {A*, *a*) and we denote it by {AixiA*,B). 

For a linear map (/> : Vi — V2, we denote the dual (linear) map by (j)* : V2 V{ defined as 

{v,(l)*iu*)) = {(l)iv),u*), yv£Vi,u*£V2. (2.2.12) 

Note that p* given by equation (1.5) is different with the above notation if gl{V) is regarded as 
a vector space, too. 

Definition 2.2.10. Let (^4, *) be an associative algebra. An antisymmetric infinitesimal bial- 
gebra structure on A is a linear map a : A ^ A® A such that 

(a) a* : A* ® A* ^ A* defines an associative algebra structure on A*; 

(b) a satisfies the following two equations 

a{x * y) = (1 ® L,{x))a{y) + {R,{y) ® l)a(y); (2.2.13) 
(L*(y) 1-1® R^{y))a{x) + a[{L.,{x) 1-10 R^{x))a{y)] = 0, Vx, y ^ A. (2.2.14) 
We denote it by (A, a). 

Remark 2.2.11. Although the notion of antisymmetric infinitesimal bialgebra was introduced 
in [Bai3| . in fact, it is the same structure in the notions of associative D-bialgebra in [Z] and 
balanced infinitesimal bialgebra (in the opposite algebra) in Ag3 . 



Theorem 2.2.12. (jZ], |Bai3j ) Let (A, *^) he an associative algebra. Suppose there is another 
associative algebra structure " " on its dual space A* given by a linear map a* : A* ® A* ^ 
A*. Then there exists a double construction of Frobenius algebra associated to {A,* a) and 
{A,* A*) if and only if {A, a) is an antisymmetric infinitesimal bialgebra. Moreover, every double 
construction of Frobenius algebra can be obtained from the above way. 

The associative algebra structure on A(B A* is given by (for any x,y £ A and a*,b* G A*) 
{x + a*) *{y + b*)=x*Ay + K^, {a*)y + K^, {b*)x + a* *a* b* + Rl^ {x)b* + {y)a* . (2.2.15) 

Proposition 2.2.13. ([Ag3], |Bai3] ) Let (A,*) be an associative algebra and r (^A^A. If r 
is a skew- symmetric solution of the associative Yang-Baxter equation in A, then the linear map 
a defined by 

a{x) = {10 L{x) - R{x) ^ l)r, Vx G ^, (2.2.16) 

induces an associative algebra structure on A* such that (A, a) is an antisymmetric infinitesimal 
bialgebra. 

2.3. O-operators of associative algebras and double constructions of Connes cocy- 

cles. Motivated by the study of Lie bialgebras ( jPrj . [CPj ) and antisymmetric infinitesimal 
bialgebras in the previous subsection, it is natural to consider the following constructions of the 
nondegenerate Connes cocycles of associative algebras (a similar study on the nondegenerate 
skew-symmetric 2-cocycles of Lie algebras has been given in [B ai2j ) . 
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Let {A,*a) be an associative algebra and suppose that there is another associative algebra 
structure *a* on its dual space A* . If there is an associative algebra structure on the direct sum 
A(B A* of the underlying vector spaces of A and A* such that both A and A* are subalgebras 
and the skew-symmetric bilinear form on A(B A* given by equation (2.2.10) is a Connes cocycle 
on A (B A* , then it is called a double construction of Connes cocycle associated to (A, *a) and 
{A*, *A*) and we denote it by (T{A) = Atxi A*,uj). 

Definition 2.3.1. Let ^ be a vector space. A dendriform D-bialgebra structure on A is a set 
of linear maps a^,ay, f3^, Py such that a^, : A ^ A <^ A, P^, f3y : A* ^ A* <^ A* and 

(a) (a!.,a^) : A* ig) A* ^ A* defines a dendriform algebra structure {>-a*, ^a*) on A*; 

(b) {f3*^,l3y) : A® A ^ A defines a dendriform algebra structure (>-a, ^a) on A; 

(c) The following equations are satisfied(for any x, y G A and a, & G A*). 

(1) a^{x *A y) = (1 «) L^^{x))a^{y) + (i?A(y) ® l)a^(x); (2.3.1) 

(2) ay{x *A y) = (1 LA{x))ay{y) + (R^Av) ® (2-3.2) 

(3) P^{a *A* 6) = (1 L^^, {a))P^{b) + (i?A.(6) ® l)/3^(a); (2.3.3) 

(4) (3yia *A* b) = {l® LA'ia))(3y{b) + (R^^^ (6) ® l)(3y{a); (2.3.4) 

(5) (La(x) 01-1® R^^{x))a^{y) + (7[(L^^(y) ® -1 i?A(y))a^(x)] = 0; (2.3.5) 

(6) (La* (a) 1-1® ii^^, (a))/?^(f') + <y[{Wj,, (b) ® -1 i?A-(&))/3^(a)] = 0, (2.3.6) 
where La = Ly^ + L^^, i?A = R>-a + R<a^^A' = Ly^, + L^^, , iiA* = Ry^* + ^<a-' ■ 

We also denote this dendriform D-bialgebra by {A, A* ,ay,a^^ (3^, (3^) or simply {A, A*). 

Theorem 2.3.2. ( |Bai3| ) Let (A, >-a, -<a) be a dendriform algebra whose products are given by 
two linear maps Py, f3l^ : A0 A ^ A and {A, *a) be the associated associative algebra. Suppose 
there is another dendriform algebra structure " yA*,~<A* " on its dual space A* given by two 
linear maps a^,a!^ : A* ® A* ^ A* and (A*,* a*) is the associated associative algebra. Then 
there exists a double construction of Connes cocycle associated to {A,* a) CLnd (A*,*a*) if and 
only if (A, A* , ay , a^, Py , P^) is a dendriform D-bialgebra. Moreover, every double construction 
of Connes cocycle can be obtained from the above way. 

The associative algebra structure on A(B A* is given by (for any x,y & A and a* ,b* € A*) 

{x + a*)*{y + b*) = x*Ay + RUa* i^ly + ib*)x + a* *a- b* + R*^^ {x)b* + L^^ {y)a* . (2.3.7) 

Proposition 2.3.3. ( |Bai3] ) Let [A, y, -<) be a dendriform algebra and (A, *) be the associated 
associative algebra. Let r £ A ® A and the maps ay,a^ be defined by 

ay{x) = (-1 L,(x) + R^ix) ® l)r; (2.3.8) 

a^{x) = (1 (g) Ly{x) - R,{x) <S) l)r, (2.3.9) 
for any x G A. Suppose r is symmetric and r satisfies 

ri2 * ri3 = ri3 -< + r23 >- ri2. (2.3.10) 

Then the maps ay,a^ induce a dendriform algebra structure on A* such that (A, A*) is a 
dendriform D-bialgebra. 
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Definition 2.3.4. Let (A, y, -<) be a dendriform algebra and r & A ^ A. Equation (2.3.10) is 
called D-equation in (A, y, -<). 

Proposition 2.3.5. ( |Bai3j ) Let (A, y, ~<) be a dendriform algebra and {A, *) be the associated 
associative algebra. Let r G A ® A. Then r is a symmetric solution of D-equation in the 
dendriform algebra {A,y,^) if and only if r is an O-operator of the associative algebra (A,*) 
associated to the bimodule {Rl,,Lt_). 

3. O-OPERATORS OF DENDRIFORM ALGEBRAS 
3.1. Bimodules of dendriform algebras. 

Definition 3.1.1. (iAg4|) Let {A, y,~<) be a dendriform algebra and y be a vector space. 
Let ly,ry,l^,r^ : A — > gl{V) be four linear maps. V (or {ly,ry,l^,r^), or {ly,ry,l^,r^,V)) 
is called a bimodule of A if the following equations hold (for any x,y £ A): 



U{x ^y)= U{x)U{y) + U{x)l^{y); (3.1.1 

r-<{x)l^{y) = l^{y)r^{x) + /^(y)r^(x); (3.1.2; 

r^{x)r^{y) = r^{y ^ x) + r^{y >- x); {3.1.3 

U{xyy) = l^{x)U{y)- (3.1.4; 

r^{x)l)^{y) =l-^{y)r^{x); (3.1.5; 

r^(x)r^(y) = r^(y -< x); (3.1.6; 

l-^{x <y)+ly{xyy) = ly{x)ly{yy, {3.1.7 

r^(.x)l^{y) + r^{x)l^{y) = l^{y)r^{x); {3.1.8 

r^{x)r^{y) + r^{x)r^{y) = r^{y y x). {3.1.9 



According to |Sc], {ly,ry,l^,r^,V) is a bimodule of a dendriform algebra {A,y,~<) if and 
only if there exists a dendriform algebra structure on the direct sum A (BV oi the underlying 
vector spaces of A and V given by (Vx, y G A,u,v G V) 

{x+u) >- {y+v) = X >- y+ly{x)v+r^{y)u, (x+n) -< {y+v) = x -< y+l^{x)v+r^{y)u. (3.1.10) 

We denote it by A xz^,r^,i^,r^ V. 

Proposition 3.1.2. ( [Bai3j ) Let {l^,ry,l^,r^, V) be a bimodule of a dendriform algebra 
{A,y,~<). Let {A,*) be the associated associative algebra. 

(1) Both (/^ , , y) and (/^ + , r;^ + , 1/) are bimodules of {A, *) . 

(2) For any bimodule {l,r,V) of {A,*), {l,0,0,r,V) is a bimodule of{A,y,^). 

(3) Both {l^ + /^,0,0, + r^,V) and {l^,0,0,r^,V) are bimodules of {A,y,^). 

(4) The dendriform algebras ^Xz^,r^,/^,r^^ o.nd At><l^_^_^QQJ.^_^_r^V have the same associated 
associative algebra A Xz^+z^,r^+r^ V- 
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Proposition 3.1.3. ( |Bai3j ) Let {A,y,~<) be a dendriform algebra and {ly,ry,l^,r^,V) be a 
bimodule. Then (r^ + r*^, + ^^<) ^*) "^^ ^ bimodule of (A, y, ~<). We call it the dual 

bimodule of {ly. , , , , 1/ ) . 

Corollary 3.1.4. ( |Bai3j ) Let (A, ;^,-<) be a dendriform algebra and {ly,ry,l^,r^,V) be a 
bimodule. Let (A, *) be the associated associative algebra. 

(1) Both (r^ +r* ,0,0,Z^ +ll.,V*) and (r* , 0, 0, F*) are bimodules of{A,>~,^). 

(2) Both {r*y+r*^,r^ + l\,V*) and {r*^,l*y,V*) are bimodules of (A,*). 

Example 3.1.5. Let {A, y, -<) be a dendriform algebra. Then 

{L^,R^,L^,R^,A), {L^,0,0,R^,A) and {L^ + L^,0,0, + R^, A) 

are bimodules of {A, ^, y) and the first one is called the regular bimodule of {A, y, ^). On the 
other hand, 

{Rl+R%-L%-R*^,L*^ + L%A*), {R*^,0,0, L^, A*) and {R*y + R*^,0,0, L*y + L*^, A*) 
are bimodules of {A, y,^), too. 

3.2. Bilinear forms on dendriform algebras and D-equation. In fact, a double construc- 
tion of Connes cocycle on an associative algebra {A, *) is equivalent to a double construction of 
certain nondegenerate bilinear form on its compatible dendriform algebra. 

Definition 3.2.1. Let {A,y,~<) be a dendriform algebra. A skew-symmetric bilinear form to 
on A is called invariant if uj satisfies (for any x,y,z G A) 

uj(x y y,z) = ui{y, z y x + z ^ x), (3.2.1) 
uj{x ^ y, z) = uj{x, y y z + y < z). (3.2.2) 
Proposition 3.2.2. Let {A, y, -<) be a dendriform algebra with a skew- symmetric bilinear form 

id. 

(1) io is invariant if and only if uj satisfies equation (3.2.1) and 

lli{x y y, z) + uj{x, y ^ z) = 0, V x,y, z & A. (3.2.3) 

(2) UJ is invariant if and only if uj satisfies equations (3.2.2) and (3.2.3). 

(3) UJ is invariant if and only if uj satisfies equation (3.2.1) and 

ijj{x y y, z) + uj{y y z^x) + ijj{z y x,y) = 0, Vx, y,z G A. (3.2.4) 

(4) UJ is invariant if and only if uj satisfies equation (3.2.2) and 

uj{x -< y, z) + uj{y ^ z, x) + oj^z ~< x,y) = 0, Vx, y,z G A. (3.2.5) 

(5) If uj is invariant, then uj is a Connes cocycle of the associated associative algebra (A,*). 
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Proof. (1) Let w be a skew-symmetric bilinear form satisfying equation (3.2.1). If uj satisfies 
equation (3.2.2), then 

Lo{x y y,z) = Lo{y, zyx + z-<x)= u{y -< z,x) = —uj{x, y -< z), Vx, y, z G A. 

Conversely, if uj satisfies equation (3.2.3), then 

ijj{x -< y,z) = uj{z y x,y) = uj{x, y >- z + y ^ z), \/x, y,z G A. 

By a similar discussion as in (1), the conclusion (2) holds. 

(3) If the skew-symmetric bilinear form lo satisfies equation (3.2.1), then 

uj{x y y,z) = uj{y, zyx + z~<x) = —uj{z y x,y) — u{z -< x, y). Vx, y,z E A. 

Therefore equation (3.2.3) holds if and only if equation (3.2.4) holds. By (1), the conclusion (3) 
follows. 

The conclusion (4) follows by a similar discussion as in (3). 

(5) follows immediately from the sum of equations (3.2.1) and (3.2.2). □ 
By Corollary 2.2.7 and the conclusion (5) in Proposition 3.2.2, we have the following result. 

Corollary 3.2.3. Let (A, *) be an associative algebra and uj be a nondegenerate skew- symmetric 
bilinear form. Then uj is a Connes cocycle of (A, *) if and only ifu is invariant on the compatible 
dendriform algebra given by equation (2.2.8). 

Let {A, yA, -<a) be a dendriform algebra and suppose that there is another dendriform algebra 
structure yA*-, ^A* on its dual space A* . If there is a dendriform algebra structure on the direct 
sum A® A* of the underlying vector spaces of A and A* such that both A and A* are subalgebras 
and the skew-symmetric bilinear form on A® A* given by equation (2.2.10) is invariant on A®A*, 
then it is called a double construction of a dendriform algebra with a nondegenerate invariant 
bilinear form associated to {A,y a,~<a) o,nd (A* ,yA* ,^a*)- 

By Corollary 3.2.3 and Theorem 2.3.2, we have the following conclusion. 

Corollary 3.2.4. Let {A,yA,~<A) be a dendriform algebra whose products are given by two 
linear maps l3y,P'!^ : A A ^ A. Suppose there is another dendriform algebra structure " yA*, 
-<A* " on its dual space A* given by two linear maps a^,Q;t. : A* A* A* . Then there 
exists a double construction of a dendriform algebra with a nondegenerate invariant bilinear 
form associated to {A,yA,^A) cind (yl*, )-^*, ^^*) if and only if (A, A* ,a'^,a^, (3y, (3^) is a 
dendriform D-bialgebra. Moreover, every double construction of a dendriform algebra with a 
nondegenerate invariant bilinear form can be obtained from the above way. 

The dendriform algebra structure on A® A* is given by (for any x, y G A and a*, 6* G A*) 

{x + a*) y (y + b*) = xyA y + R*A.{a*)y-L%^Ab*)x + a* yA* b* + R*A{x)b* - L%^{y)a* , (3.2.6) 

(x + a*) -< (y + b*) =xyA y-Rt^Aa*)y + L*A^{b*)x + a* ^a* b* - Rl^{x)b* + L\{y)a\ (3.2.7) 
where R\, = R%^^ + R*^^, , R\ = R\^ + Rt^,L\. = L*^^^ + R^^^ , L\ = L\^ + R^^. 
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Corollary 3.2.5. Let {A, y, -<) be a dendriform algebra and r & A ^ A. Let the linear maps 
a)^,a^ be defined by equations (2.3.8) and (2.3.9). Ifr is a symmetric solution of D- equation in 
A, then the maps a^, induce a dendriform algebra structure on A* such that there is a double 
construction of a dendriform algebra with a nondegenerate invariant bilinear form associated to 
{A,yA,^A) and (A* ,yA* , ^A*)- 

Remark 3.2.6. In the above sense, the /^-equation in a dendriform algebra is just an analogue 
of the classical Yang-Baxter equation in a Lie algebra. 

Next, we consider the symmetric bilinear forms on a dendriform algebra. 

Theorem 3.2.7. ( |Bai3j ) Let {A, y, -<) be a dendriform algebra and r £ A<Si A. Suppose that 
r is symmetric and nondegenerate. Then r is a solution of D -equation in A if and only if the 
inverse of the isomorphism A* ^ A induced by r, regarded as a bilinear form B on A (that is, 
B{x,y) = {r^^x,y) for any x,y G A) satisfies 

B{x*y,z) =B{y,z '<x)+B{x,y>- z), yx,y,zeA. (3.2.8) 

Definition 3.2.8. Let (A, y, -<) be a dendriform algebra. A symmetric bilinear form on A is 
called 2-cocycle of {A, y, ^) if B satisfies equation (3.2.8). 

3.3. O-operators of dendriform algebras and D-equation. 

Definition 3.3.1. Let {A,y,~<) be a dendriform algebra and {l^,r^,l^,r^,V) be a bimodule. 
A linear map T : V ^ A is called an O-operator of {A, y, ^) associated to {ly,ry, l^,r^, V) if 
T satisfies (for any u,v £ V) 

T{u) y T{v) = T{ly{T{u))v + r^{T{v)u)),T{u) ^ T{v) = T{U{T{u))v + r^{T{v)u)). (3.3.1) 

The following result is obvious. 

Corollary 3.3.2. Let {l^,ry,l^,r^,V) be a bimodule of a dendriform algebra (^, ;^,-<). Let 
(A,*) be the associated associative algebra. If T is an O-operator of {A,y, ~<) associated to 
{ly,ry, l^,r^,V), then T is an O-operator of {A, *) associated to {ly + l^,ry + r^,V). 

Theorem 3.3.3. Let (A, y, ~<) be a dendriform algebra and (A, *) be the associated associative 
algebra. Let r £ A A be symmetric. Then the following conditions are equivalent. 

(1) r is a solution of D- equation in {A,y,~<). 

(2) r is an O-operator of (A,*) associated to (RZ,,Lt_). 

(3) r satisfies 

r{a*)yr{b*)=r{Rl{r{a*))b*-L*_^{r{b*))a*), Va*,6*eA*. (3.3.2) 

(4) r satisfies 

r{a*) ^r{b*) = r{-Rl{r{a*))b* + Ll{r{b*))a*), ya*,b*eA\ (3.3.3) 
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Proof. The fact that (1) is equivalent to (2) follows from Proposition 2.3.5. Let {ei, ■ ■ • ,e„} be 
a basis of A and {e*, ■ ■ ■ , e*} be its dual basis. Suppose that 

Ei y- Cj = ^ ^ O-ij^kj ~^ — ^ ] b^jCk, r = ^ ^ fij&i S-j, Vij = Tji- 
k k i,j 

Hence r(e^) = 'Ylik'^'ik^k- Then r is a solution of D-equation in A if and only if (for any m,t,p) 

i,k 

The left-hand side of the above equation is precisely the coefficient of et in 

-r{e;) y r{e*J + r{R*Me;))el - L*^{r{e*J)el), 
and the coefficient of in 

-r{e*J -< r{et) + r{-Rl{r{el,))el+Ll{r{etWJ. 
Therefore the conclusion follows. □ 

Corollary 3.3.4. Let {A, -<) he a dendriform algebra and r ^ A® A he symmetric. Then r 
is a solution of D- equation in {A, y, -<) if and only if r is an O-operator of {A, y, -<) associated 
to {R*^ + R*_^,-L%-R*^,L*y + L%A*). 

Theorem 3.3.5. Let (A, y, ^) be a dendriform algebra. Let {l^,r-^, l^,r^, V) he a himodule and 
(r^ + rt^, —l%-, —'I'y, + ^'"^^ himodule given by Proposition 3.1.3. Let T -.V ^ A 

he a linear map identified as an element in A®V* which is in the underlying vector space of 
{A ^ri+r*_^-i*^-ri,ii+i*_^ V*) (g) {A x^* V*) . Then r = T + a{T) is a symmetric 
solution of D- equation in the dendriform algebra A Xr * +r!,,-i!,,-r* V* if and only if T is 

an O-operator of {A, y, -<) associated to {ly,ry, l^,r^, V). 

Proof. Let {ei, • • • , e„} be a basis of A. Let {vi, • • • , v^} be a basis of V and {wf , • • • , be 

n 

its dual basis. Set T{vi) = J2 ciij^j^i = !> ■ " " i Since Hom(y, A) = A V* as vector spaces, 

m m n 

Therefore we have 

m 

ri2*ri3 = ^{r(i;i)*r(?;fc)(8)i;*(8)i;^+r*(r(i;i)K®<®r(i;fe) 
i,k=l 

+ll{T{vk))v*0T{vi)(^vl}; 

m 
i,k=l 

+v*(^vl(^Tivi)-iT{vk)}; 
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r23 ^ ri2 = Yl {^(^^) ® + 0(T{vi)H ® < + 4^ T{vi) ^ T{Vk) v* 

i,k=l 

-vl0l*^{T{vj))v*®T{vi)}. 
Furthermore, by equation (1.5), we show that 

m m 

i=i i=i 

m m 



Thus 



rn rn 



E Y.''*{ly{nvk))vi)T{v^)®vt = J2 TilyiT{vk))v,)0v* 

i,k=l j=l i,k=l 



Similarly, we have 



i,k=l i,k=l 
m m 

i,k=l i,k=l 
m m 

i,k=l i,k=\ 

Therefore 

ri2 * ri3 - ri3 -< r23 - r23 y ru 

m 

= J2 {(.T{vi) * nvk) - niry + r^)iT{vk))vi) - T{(1^ + U){T{vi))vk)) ® v* ® vl 

i,k=l 

+v* ® {-T{vi) y T{vk) + T{ry{T{vk))vi) + T{ly{T{vi))vk)) ® 
+v* ^vl^ {-T{vi) ~< T{vk) + T{r^{T{vk))vi) + T{l^{T{vi))vk))}. 

So r is a symmetric solution of D-equation in the dendriform algebra A tKr^^r*_^_i*^_r^^i^^i*^ V* 
if and only if T is an O-operator of (^4, y,-<) associated to {ly,ry,l^,r^, V). □ 

Corollary 3.3.6. Let {A, *) be an associative algebra. Let (/, r, V) be a bimodule and (r*, I*, V*) 
be the dual bimodule given in Example 2.1.2. Suppose that T : V ^ A is an O-operator of 
(A,*) associated to {l^r^V). Then r = T + cr{T) is a symmetric solution of D -equation in 
the dendriform algebra T{V) iXr*,o,o,/* where T{V) d A is a dendriform algebra given by 
equation (2.1.8) and (r*,0, 0,/*) is its bimodule since its associated associative algebra T{V) is 
an associative subalgebra of A, and T can be identified as an element in T(y) V* which is in 
the underlying vector space of {T(V) iXr*,o,o,i* ^*) ® (^(^) ^r*,o,o,l* 

V*). 
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Proof. By Theorem 2.1.8, it is obvious that T : F — > T(y) is an O-operator of {T(y),y,~<) 
associated to the bimodule {l,0,0,r,V), where 

T{u) yT{v) = T{l{T{u))v), T{u) ^T{v) =T{r{T{v))u), yu,v£V. 

Hence the conclusion follows from Theorem 3.3.5 immediately. □ 

Remark 3.3.7. The above conclusion has appeared in [Bai3j with a direct proof. We would like 

to emphasis that it involves only the O-operators of associative algebras (not the O-operators 
of dendriform algebras). Therefore, as has been pointed out in [Bai3| . roughly speaking, the 
symmetric part of an O-operator of an associative algebra corresponds to a symmetric solution 
of D-equation, whereas the skew-symmetric part of an O-operator of an associative algebra 
corresponds to a skew-symmetric solution of associative Yang-Baxter equation. 

Corollary 3.3.8. (cf. Proposition 3.4.12) Let {A,>~,^) be a dendriform algebra. Then 

n 

r = ^(ci e* + e* (S> e-i) (3.3.4) 

i 

is a symmetric solution of D- equation in the dendriform algebra A iX/{*^^o,o,L^ A* , where {ei, • • • , 
e„} is a basis of A and {e^, • • • , e* } is its dual basis. Moreover there is a natural 2-cocycle B of 
the dendriform algebra A ix_r^,o,o,l^ ^* induced by : A® A* — > {A® A*)* , which is given by 
equation (2.2.11). 

Proof. Since id is an O-operator of (A, ^,^) associated to the bimodule (L^, 0, 0, i?^, A), r is 
a symmetric solution of L'-equation in A tx^*^ o,o,L^ ^* due to Theorem 3.3.5. Therefore the 
bilinear form B given by equation (2.2.11) is a 2-cocycle due to Theorem 3.2.7. □ 

3.4. O-operators of dendriform algebras and quadri-algebras. 

Definition 3.4.1. ([AL]) Let j4 be a vector space with four bilinear products denoted by 
\, \ and : A ® A ^ A. {A, \, \, /') is called a quadri- algebra if for any x,y, z & A, 

ix\y)\z = x\{y*z), {x / y) \ z = x / {y < z), {x hy) / z = x / {y ^ z), (3.4.1) 
{x / y)\z = x / (yAz), {x \ y) \ z = x \ {y \ z), (xVy) ^ z = x\{y / z), (3.4.2) 

{x ^ y) y z = X /' {yV z), {x )~ y) / z = x \ {y / z), {x * y) \ z = x \ {y \ z), (3.4.3) 
where 

xyy = X/^y + x\ y,x^y = x\ y + x/'y,x\/y = x\ y + x/'y,xAy = x/'y + x\ y, 

(3.4.4) 

and 



x*y = x\ y + xyy + x\ y + xyy = xyy + x~<y = xyy + xAy. 



(3.4.5) 
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Proposition 3.4.2. ( |AL| ) Let {A,\, /',\, be a quadri- algebra. 

(1) The product given by 

xyy = xyy + x\y, x~<y = x\ y + xyy, Vx, y & A, (3.4.6) 

defines a dendriform algebra. {A,y,~<) is called the associated horizontal dendriform algebra 
of {A,\, y,\, y') and {A,\, y,\, y) is called a compatible quadri- algebra structure on the 
horizontal dendriform algebra {A,y,~<). 

(2) The product given by 

x\/y = x\ y + xyy, x Ay = x y y + x \ y, Vx, y & A, (3.4.7) 

defines a dendriform algebra. {A, V, A) is called the associated vertical dendriform algebra of 
{A,\, y,\, y) and {A,\, y,\, y) is called a compatible quadri- algebra structure on the 
(vertical) dendriform algebra (^,V,A). 

(3) The product given by equation (3.4.5) defines an associative algebra. (A,*) is called the 
associated associative algebra of {A,\, y,\, y) and {A,\, y,\, y) is called a compatible 
quadri- algebra structure on the associative algebra (A,*). 

Proposition 3.4.3. Let A be a vector space with four bilinear products denoted by \,/^,\ 
and y-.A^A^A. 

(1) (^, \, y ^ \, y) is a quadri- algebra if and only if {A, y, -<) defined by equation (3.4.6) is 
a dendriform algebra and {L\^,R y,L y,R\^,A) is a bimodule. 

(2) (^,\,^,\,^) is a quadri- algebra if and only if {Ay y) defined by equation (3.4-7) is 
a dendriform algebra and {L\^, Ry , L y,R\^,A) is a bimodule. 

Proof. The conclusions can be obtained by a direct computation or a similar proof as of Propo- 
sition 3.4.6. □ 

Corollary 3.4.4. Let (A, \,/',\,^) be a quadri- algebra. Then {L\,R\^,A) is a bimodule 
of the associated associative algebra {A,*). 

Proof. It follows immediately from Propositions 3.1.2 and 3.4.3. □ 

For brevity, we pay our main attention to the study of associated horizontal dendriform 
algebras. In fact, the corresponding study on the associated vertical dendriform algebras are 
completely similar. 

Corollary 3.4.5. Let {A, \, y, \, y) be a quadri- algebra and {A, y, -<) be the associated hor- 
izontal dendriform algebra. Then 

{Ly,Ry,L^,R^,A), {Ly,0,0,R^,A), {L^ + L^,0,0, R^ + R^, A); 
{LK^,Ry,Ly,R^,A), (Lx,0,0,i?^,A) and {L^,0,0, R^, A) 
are bimodules of (A, -<, >-). On the other hand, 

{R*^ + Ry-Ly-Ri,Li + LyA*), {Ryo,o,Li,A*) {Ri + Ryo,o,Li + LyA*y, 
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{Ry + R*^,-Ly,-Ry,L*s^ + Ly,A*), {R*^,0,0,L*^,A*) and (i?*,0,0,L* ,^*) 
are bimodules of {A, , ~<) , too. 

Proof. It follows immediately from Propositions 3.1.2, 3.1.3 and 3.4.3 and Example 3.1.5. □ 

Proposition 3.4.6. Let {A, y, -<) be a dendriform algebra and {ly,ry,l^,r^,V) be a bimodule. 
Let T : V ^ A be an O-operator associated to {ly,ry,l^,r^,V). Then there exists a quadri- 
algebra structure on V given by (for any u,v eV) 

u\v = ly{T{u))v, u y V = ry{T{v))u, u ^ v = l^{T{u))v, u\v = r^(T{v))u. (3.4.8) 

Therefore, there exists a dendriform algebra structure on V given by equation (3.4-6) and T 
is a homomorphism of dendriform algebras. Furthermore, T{V) = {T{v)\v G V} C A is a 
dendriform subalgebra of A and there is an induced quadri- algebra structure on T{V) given by 

T{u) \ r(^;) = Tiu \ v), T{u) / T(y) = T{u / v), 

Tin) / Tiv) = T{u / «), Tiu) \ T(v) = T{u \ w), Vu, v € K (3.4.9) 

Moreover, its corresponding associated horizontal dendriform algebra structure on T{V) given 
by equation (3.4-6) is just the dendriform subalgebra structure of {A,y,~<) and T is a homo- 
morphism of quadri- algebras - 

Proof Set Z = Z;^ + and r = + r^. For any u,v,w G V, we have 

{u\v)\vu = r^{T{w)){u \ v) = r^{T{w))r^{T{v))u^^=^^ r^{T{v) *T{w))u 

= u\{l{T{v))w + r{T{w))v) =u\(v*w); 
{u y v) \w = r^ {T{w)){u \v) = r^{T{w))ry{T{v))u ^'='^ ry{T{v) ■< T{w))u 
u \ {U{T{v))w + r^{T{w))v) =u\{v ~<w); 
{uAv)/'w = ry{T{w)){u y v-\-u\v) = ry{T{w)){ry{T{v))u-\-r^{T{v))u) 

^^=^^ ry{T{w) y T{v))u = u / {ly{T{w))v + ry{T{v))w) = u/ {vyw)■ 
{uyv)\w = r^{T{w)){u y v) = r^{T{w))l^{T{u))v 

l^{T{u)){r^{Tiw)) + r^{T{w)))v = uy (vAw); 



(3.1.2) 



{u\v)\w = r^{T{w))iu \v)= r^{T{w))ly{T{u))v ^^=^^ ly{T{u))ry{T{w)))v 

= ly{Tiu))iv\w) = u\{v\w); 

{uVv)^w = r^{TiwMy{Tiu)) + UT{u))v ^'='^ l^{Tiu))ryiT{w))v 

= ly{T{u)){v ^w) = u\iv ^w); 

{u^v)yw = ly{T{u <v))w = l^{T{u) -<T{v))w 

^'='^ U{T{u)){U{T{v)) + l^{T{v)))w = u/{vyw); 
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{u >- v) y W 



U{T{u y v))w = U{T{u) y T{v))w 
l^{T{u)){v / w) =u\{u / w); 
lyiT{u * v))w = ly{T{u) * T{v))w 
l^{T{u)){v \w)=u\{v\w). 



(3.1.4) 



l^{T{u))UT{v))w 



{u* v) \ w 



(3.1.7) 



lyiT{u))ly{T{v))w 



Therefore {V, \, y, \, ^) is a quadri-algebra. Furthermore the other results fohow easily. □ 

Definition 3.4.7. ([AL]) Let {A, >-, ^) be a dendriform algebra. An O-operator R of {A, >-,-<) 
associated to the regular bimodule (Ly, Ry, L^, R^, A) is called a Rota-Baxter operator on A, 
that is, R satisfies 

R{x yy) = R{R{x) y y+x y R{y)), R{x < y) = R{R{x) ^ y+x -< R{y)), Vx,y € A. (3.4.10) 

By Proposition 3.4.6, the following conclusion follows immediately. 

Corollary 3.4.8. ([AL], Proposition 2.3) Let (j4, >-,-<) he a dendriform algebra and R he a 
Rota-Baxter operator on {A, >-■,<)■ Then there exists a quadri-algebra structure on A defined by 
(for any x,y & A) 

x\y = R{x) y y, x / y = x R{y), x / y = R{x) ~<y, x\y = x ~< R{y). (3.4.11) 

Moreover, by Corollaries 2.1.9 and 3.4.8, it is obvious that the Rota-Baxter operators on 
associative algebras can construct quadri-algebras as follows (also see Lemma 4.4.9). 

Corollary 3.4.9. ([AL], Corollary 2.6) Let Ri and R2 be a pair of commuting Rota-Baxter 
operators (of weight zero) on an associative algebra {A,*). Then there exists a quadri-algebra 
structure on A defined by (for any x,y A) 

x\y = i?ii?2(x) *y, X y y = Ri{x) * R2{y), x / y = R2{x) * Ri{y), x\y = x* RiR2{y). 



Corollary 3.4.10. Let {A, y, -<) be a dendriform algebra. Then there exists a compatible quadri- 
algebra structure on {A, y, -<) such that {A, ~<) is the associated horizontal dendriform algebra 
if and only if there exists an invertible O-operator of {A, y, -<). 

Proof. If there exists an invertible O-operator T of {A, y, ~<) associated to a bimodule {ly, r^, 
l^,r^,V), then by Proposition 3.4.6, there exists a quadri-algebra structure on V given by 
equation (3.4.8). Therefore we can define a quadri-algebra structure on A by equation (3.4.9) 
such that T is an isomorphism of quadri-algebras, that is. 



Moreover it is a compatible quadri-algebra structure on {A, y, -<) since for any x,y A, we have 



(3.4.12) 



x\y = T{ly{x)T-\y)), x/y = T{ry{y)T-\x)), 
x/y = T{iyx)T-\y)), x\y = T {r yy)T-\x)) , Vx,y G A. 



xyy = T{T~\x) y T-\y)) = T{ry{y)T-\x) + ly{x)T-\y)) 



X / y + x\y 
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x^y = T{T-\x) -< T-\y)) = T{r^{y)T-\x) + U{x)T-\y)) = x\y + x/y. 

Conversely, let (A, \, y, \, y) be a quadri-algebra and (A, -<) be the associated horizontal 
dendriform algebra. Then R/,L y,R\^,A) is a bimodule of {A, -<) and the identity map 
id is an O-operator of {A, -<) associated to it. □ 

Proposition 3.4.11. Let {A^>-,~<.) he a dendriform algebra and (A,*) he the associated, asso- 
ciative algebra. If there is a nondegenerate symmetric 2-cocycle B of (A, y, -<), then there exists 
a compatible quadri-algebra structure on {A,>~,^) defined by (for any x,y,z € A) 

B{x \y,z) = B{y, z*x) = B{y, z y x + z -< x), (3.4.13) 

B{x /'y,z) = -Bix,y^z), (3.4.14) 

B{x \y) = B{x, y*z) = B{x, y y z + y -< z), (3.4.15) 

Bix /y,z) = -Biy, z y x). (3.4.16) 
such that {A,y,^) is the associated horizontal dendriform algebra. 

Proof. Since B is nondegenerate and symmetric, we define an invertible linear map T : A ^ A* 

by 

{x, T{y)) = {T{x),y) = Bix, y), Vx, y E A. 

Let x,y,z G A. Since B is a 2-cocycle of (A, y, -<), we have 

{T{xyy),z) = B{x y y,z) = B{y,z*x) - B{x,y y z) 

= {T{y),z*x) - {nx),y~< z) = {Rl{x)T{y), z) - {L*^{y)T{x),z). 

So 

T{x yy) = K{x)T{y) - L*^{y)T{x), Vx,y € A. 

Similarly, we show that 

T{x ^y) = Ll{y)T{x) - Rl{x)T{y), Vx, y e A. 

Hence T^^ is an (invertible) O-operator of the dendriform algebra {A,y,~<) associated to the 
bimodule (i?*, -L\, -R*y,Ll,A*). Then by Corollary 3.4.10, there exists a compatible quadri- 
algebra structure on {A,y,-() defined by 

B{x \y,z) = {T{x \y),z) = {T {T-\RI{x)T {y))) , z) = {T{y),z * x) = B{y, z * x); 

Bix /y,z) = {T{x / y), z) = {T{T-\-~L*^{y)T{x))), z) = {T{x), -y < z) = -B{x, y < z); 

Bix \y,z) = {T{x \ y), z) = {T{T-\Ll{y)T{x))), z) = {T{x), y * z) = B{x, y * z); 

B{x yy,z) = {T{x / y), z) = {T{T-\-R*^{x)T{y))), z) = {T{y), -z y y) = -B{y, z y x), 

such that {A, y, -<) is the associated horizontal dendriform algebra. □ 
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Proposition 3.4.12. (cf. Corollary 3.3.8) Let {A,\, y,\, y) be a quadri-algebra and {A,y, 
-<) be the associated horizontal dendriform algebra. Then r given by equation (3.3.4) is a sym- 
metric solution of D- equation in the dendriform algebra A i< Ry+Rt^,-Ly,-Ry,LZ^+L*y where 
{ei,--- ,e„} is a basis of A and {el,-- - ,e*} is its dual basis. Moreover there is a natural 2- 
cocycle B of the dendriform algebra A \>< Ry+Ri^-Ly-Ry,L':^+Ly A* induced by r~^ : A® A* ^ 
{A® A*)*, which is given by equation (2.2.11). 

Proof. By Corollary 3.4.5, {Ry + Rt^, -Ly, ~Ry,Ly + ly, A*) is the dual bimodule of the 
bimodule {L\,R y,L R\^, A) of the associated horizontal dendriform algebra {A, y, -<). Then 
the first half of the conclusion follows immediately from Theorem 3.3.5 and the fact that id is 
an 0-operator of (^4, -<) associated to the bimodule {L\, R/,L y,R^,A). The second half 
of the conclusion follows from Theorem 3.2.7. □ 

At the end of this subsection, we give an algebraic equation on a quadri-algebra as follows. 

Proposition 3.4.13. Let (^, \, be a quadri-algebra and (A, ;^,^) be the associated 

horizontal dendriform algebra. Let r ^ A ® A be skew- symmetric. Then r is an O-operator 
of {A, y, -<) associated to the bimodule {Ry + RX^, —Ly, —Ry, Ly + Ly,A*) if and only if r 
satisfies 

ri3 y r23 = r23 /" ri2 + r23 \ + ri2 Z' ria, (3.4.17) 
ri3 ~< r23 = -r23 ri2 - ru \ m - ru / rn. (3.4.18) 
Proof. Let {ei, ■ ■ ■ , e„} be basis of A and {e^, • • • , e* } be its dual basis. Suppose that 
ej \, Cj = ^ ^ ttj^je^, ej /" ej = ^ ^ bj^jCk, ej '\ Cj = ^ ^ Cj^jC^, ej ^ ej = ^ ^ dj^ej;, 

k k k k 

and r = Yl'^^ij^i ® ^ij — Hence r(eT) = ^rike^. Then r satisfies equation (3.4.17) if 

i,j k 

and only if (for any m,t,p) 

Y^[rmirtkia% + b%) - ripr^kiblk + c^) - rurkpd^] = 0. 

i,k 

The left-hand side of the above equation is precisely the coefficient of Sp in 

r{e*m) y riel) - r{{Ry + Ry){r{el,))el - Ly{r{e;))e*J. 
On the other hand, r satisfies equation (3.4.18) if and only if (for any m,t,p) 
Yll''rnirtk{(^ik + d^ik) + ^iprmkblk + ruVkpidTk + a^)] = 0. 

i,k 

The left-hand side of the above equation is precisely the coefficient of Sp in 

r{e*J -< r{e;) - r{-Ry{r{e*J)e; + {Ly + Ly){r{e:))e*J. 
Therefore the conclusion follows. □ 
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Corollary 3.4.14. Let {A,\,y,\,^) be a quadri- algebra and -<) be the associated 

horizontal dendriform algebra. Let r ^ A ® A. If r satisfies equations (3.4-17) and (3.4.18), 
then r satisfies 

ri3 * r23 = r23 \ ri2 - ri2 \ ris. (3.4.19) 
Proof. In fact, equation (3.4.19) is the sum of equations (3.4.17) and (3.4.18). □ 

4. O-OPERATORS OF QUADRI- ALGEBRAS 
4.1. Bimodule of quadri- algebras. 

Definition 4.1.1. Let (A, \,/',\,^) be a quadri-algebra and F be a vector space. Let 
l'\^r\,ly,ry,l\^,r-\,ly,ry : A gl{V) be eight hnear maps. V (or {l\,r\,ly',ry,l\^,r\^, 
ly,ry), or {l\,r\, ly',ry',l\^,r\^,ly,ry,V)) is called a bimodule of A if the following equations 
hold (for any x,y G A): 





= \ix%{y); 


r\{y)K{x] 


= \{x)r^{y); 


r\{y)r\{x) = 


r\{x * y); 


(4.1.1 


Ki^ y y) = 


= l/{x)lh{y); 


r\{y)i/{x) 


= l/{x)rr,{y); 


r\{y)ry{x) = 


ryixAy); 


(4.1.2 


ly{x -< y) -- 


= iy{x)h{y); 


r/{y)U{x) 


= l/{x)ry{y); 


r/{y)r^{x) = 


ry{x V y); 


(4.1.3 


Ki^ /y) = 


-- ly{x)l^{y); 


r\{y)l/{x) 


= ly{x)r^{y); 


r\{y)r/{x) = 


r/{x < y); 


(4.1.4 


Ki^ \y) = 


\(a;)K(y); 


r\{y)i\{x) 


= Ki^y\{y); 


r\{y)r\{x) = 


-- r\{x \ y); 


(4.1.5 


yy) = 


Kix)l/{y); 


r/{y)i>{x) 


= Kix)r/iy); 


ry{y)ry{x) = 


r\(.x / y); 


(4.1.6 


l^ixAy) -- 


= i/{x)l>{y)] 


r/{y)lh{x) 


= lAx)r-^{y); 


r/{y)rA{x) = 1 


"/{x >- y); 


(4.1.7 


l/(x^y) = 


Ki^)i/'iy); 


r/{y)ly{x) 


= Ki^y/iy)-, 


r/{y)ry{x) = 


''\{x / y); 


(4.1.8 


Ki^ *y) = 




r\{y%{x) 


= Ki^)r\iy); 


r\{y)r*{x) = 1 


\ y), 


(4.1.9 



where 

x y y = X /'y + x\y,x^y = x\ y + x^y, (4.1.10) 

l^=ly^ + \, r^ = ry +r\^, l^=l^ + ly, r_< = ry, (4.1.11) 

x\/y = x\ y + xyy,xAy = x y y + x \ y, (4.1.12) 

= \ + V, r-^ = r\^+ry, l;,=ly. + l^, rr,=ry+ r-\, (4.1.13) 

x*y = x\ y + x/'y + x\ y + xyy, (4.1.14) 

/* = /\ + + /\ + //, r^=r\^+ry' + r^+ry. (4.1.15) 

According to [Scj, {l\,r\,ly,ry,l\^,r\^,ly,ry,V) is a bimodule of a quadri-algebra {A, 
\, y, \, y) if and only if there exists a quadri-algebra structure on the direct sum A®Voi 
the underlying vector spaces of A and V given by (Vx, y & A,u,v (z V) 

{x + u)\ {y + v) = x\y + l\{x)v + r\{y)u, {x + u) / {y + v) = x / y + l/{x)v + r /{y)u, 

{x + u)\ {y + v) = x\y + l\{x)v + r-\{y)u, {x + u) / {y + v) = x / y + l/{x)v + r/{y)u. 

(4.1.16) 

We denote it by A x/^,rx^,/^,r/-,«.^,r.^,«^,r^ V. 
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Proposition 4.1.2. Let {l\,r\,ly,ry,l\^,r\^,ly,ry,V) be a bimodule of a quadri- algebra 
{A,\, /',\, /^). Let (A, ;^,^) he the associated horizontal dendriform algebra. 

(1) {l\,r y, I r-^, V) is a bimodule of {A, y, -<). 

(2) (ly + l\,r y + r\, I'y + ly ,r\ + ry ,V) is a bimodule of {A, >-,-<). 

(3) For any bimodule {l';^,ry,l^,r^,V) of{A,>~,-<), {ly ,0,0, ry,0,r^, 1^,0, V) is a bimodule 

o/(A\,/,\,/). 

(4) Both {l-^,0,0,ry,0,r^,ly,0,V) and {ly + l^,0,0,ry + r-^,0,r^ + ry,l^ + ly,0,V) 
are himodules of [A, \, Z', \, y). 

(5) The quadri-algebras A\Ki^^r^^i^^r/.,l'^,r^,ly,ryy and AKi^^i^fifl^ry,+r-^fi,r^+r^,i^+iyfiV 
have the same associated horizontal dendriform algebra A Ki^j^i^^ry+r~^,i^+iy,r,^+ry V. 



Proof. (1) follows from the following correspondences of equations: 

(3.1.1) (4.1.3-1) (3.1.2) (4.1.2-2); (3.1.3) (4.1.1-3); 
(3.1.4) (4.1.6-1); (3.1.5) (4.1.5-2); (3.1.6) (4.1.4-3); 
(3.1.7) (4.1.9-1); (3.1.8) (4.1.8-2); (3.1.9) (4.1.7-3). 

(2) follows from the following correspondences of equations: 



(3.1.2) (4.1. l-2)-F(4.1.2-2)-F(4. 1.3-2); 

(3.1.4) (4.1.4-l)-F(4.1.5-l)-h(4.1.6-l); 

(3.1.6) (4.1.4-3)-F(4.1.5-3)-F(4.1.6-3); 

(3.1.8) (4.1.7-2)-F(4.1.8-2)-h(4.1.9-2); 



(3.1.1) (4.1.1-l)-h(4.1.2-l)-F(4.1.3-l) 
(3.1.3) (4.1.1-3)-h(4.1.2-3)-F(4.1.3-3); 
(3.1.5) (4.1.4-2)-h(4.1.5-2)-F(4.1.6-2) 
(3.1.7) (4.1.7-1)-F(4.1.8-1)-F(4.1.9-1) 
(3.1.9) (4.1.7-3)-F(4.1.8-3)-F(4.1.9-3). 

(3) In this case r\ = ly = I'y = ry = 0,l\ = ly,r y = ry,r'\ = r^,ly = l^, it is obvious that 
the fact that {ly,ry,l^,r^) is a bimodule of {A,y,^) corresponds to the equations appearing 
in (1) and the other equations hold (both sides are zero). So (3) holds. 

(4) follows immediately from (1), (2) and (3). 

(5) follows immediately from (4). □ 
By the above conclusion and Proposition 3.1.2, we have the following results. 

Corollary 4.1.3. Let {l\,r\,ly,ry,l\^,r\^,ly,ry,V) be a bimodule of a quadri- algebra {A, 
\, y,\,Z). Let {A,*) be the associated associative algebra. 

(1) {\,r^,V),{ly + \, + V, V),{\ + ly,ry + r^,V),{ly + \ + \ + ly,ry + r^ + 
+ ry,V) are himodules of {A, *). 

(2) For any bimodule {l,r,V) of (A,*), (Z, 0, 0, 0, 0, r, 0, 0) is a bimodule of {A,\, / ,\, /). 

Proposition 4.1.4. Let {l\,r\,ly,ry,l'y,r'y,ly,ry,V) be a bimodule of a quadri- algebra 
iA,\,Z,\,y). Then {rt,l'^,-r*,-l*^,r^,lt,-rl,-ll,A*) is a bimodule of{A,\,Z,\, 
y). We call it the dual bimodule of {l\,r\,l y,r y, Z^, r^, Z y, ry,V). 



Proof. This conclusion can be obtained by a direct checking on equations (4.1.1)-(4.1.9). Wc give 
another approach by using the relations between himodules of a quadri-algebra {A, \, y, \, 
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y) and the associated horizontal dendriform algebra {A,y,^) with the (known) dual bimodules 
of {A,y,^). Let {l\,f\Jy,f^J\ ,f\ ,ly,f^,V*) be the dual bimodule of {l\,r\,l/',r/', 
l\^,r\^,l^,ry',V). Then by Proposition 4.1.2, both 

iK,r/',ly,f\^,V*) and {ly + l\,f/' + f\,\ + ly,f\^ + fy,V*) 

are bimodules of , ^) . On the other hand, since both {l\ ,ry,ly,r'\,V) and (/^ + /\ , r/' + 
r\,l\^ + ly,r\^ + ry,V) are bimodules of {A, y,^), their dual bimodules are 

{rX,-iy,-ry,l*^,V*), and {rt, -l*^, -r^Jl^V*) 

respectively. Hence we have the following equations 

K = K, V = ^/ = -''>^' ^\ = C; 

ly + \ = r* , fy + f\ = + ly = -ry, f^ + fy = I*. 

Therefore {rl,lt^, -r^, -l%,rt^,ll, -r^, -IX, A*) is a bimodule of {A,\, /',\, y). □ 

By Propositions 4.1.2 and 4.1A, the following conclusion is obvious. 
Corollary 4.1.5. Let {l\,r\,ly,ry,l\^,r'\,ly,ry,V) be a bimodule of a quadri- algebra {A, 

(1) Both (r*,0,0 - Z* ,0,Z*,-r^,0,F*) and (r^, 0, 0, -Z^, 0, Z* , -r^, 0, F*) are bimodules of 

(2) Both {rl,-l*^,-r'^,ll,V*) and {rX,-iy,—ry,ly,V*) are bimodules of the associated hor- 
izontal dendriform algebra {A, -<). 

Example 4.1.6. Let \, be a quadri-algebra. Then 

(L^, R^, Ly,Ry,L^, R^,Ly,Ry,A), (L^, 0, 0, Ry,0, R'^,Ly,0, A), 

{Ly + L^, 0, 0, Ry + R\^, 0, R^ + Ry,L^ + Ly,0, A) 
arc bimodules of {A, \, y, \, y) and the first one is called the regular bimodule of (^4, \, y, 
\,y)- On the other hand, 

{RX,OA-Ly,0,L*,-Ry,0,A*) 
are bimodules of {A, \, y, \, y), too. 

4.2. O-operators of quadri-algebras and Q-equation. 

Definition 4.2.1. Let {l\,r\,ly',ry,l\^,r\^,ly,ry,V) be a bimodule of a quadri-algebra 
{A, \, y, \, y). A linear map T -.V ^ Ais called an O-operator of {A, \, y, \, y) associated 
{l\,r\^,ly,ry,\,r\^,ly,ry,V) if T satisfies 

Tiu) \ T{v) = Til^{Tiu))v + r^{T{v)u)), (4.2.1) 

T(n) / T{v) = T{ly{T{u))v + ry{T{v)u)), (4.2.2) 
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T{u) \ T{v) = T{\{T{u))v + r^{T{v)u)), (4.2.3) 

T{u) / T(y) = T{ly{T{u))v + r^{T{v)u)), (4.2.4) 

for any u,v eV. 

The following result is obvious. 

Corollary 4.2.2. Let T be an O-operator of a quadri- algebra {A, \, y, \, ^) associated to a 

bimodule {\,r\^,l /,r / , l-\,r-\,ly,ry,V). 

(1) T is 0,11 O-operator of the associated horizontal dendriform algebra (^4, ;^,-<) associated 
to {ly + l\,ry^ +r\,\ + ly,r-\+ry,V). 

(2) T is an O-operator of the associated associative algebra (A, *) associated to {I + l\ -\- 

K + V' V + ^\ + '^\ + V''^)- 

Proposition 4.2.3. Let {A,\^, y,\, y) be a quadri-algebra. Letr € A(i!)A be skew- symmetric. 
Then r is an O-operator of the quadri-algebra {A,\, y,\, y) associated to {Rl,Lt^,—R^, 
—L*^, R\^,Ll,-Ry,-L*/^,A*) if and only if r satisfies 

ri3 \ = r-23 * ru - ru \ r^, (4.2.5) 

ns y r23 = -r23 V ri2 + ru ~< ria, (4.2.6) 

ri3 \ r23 = r23 \ ri2 - ri2 * ri3, (4.2.7) 

ns y r23 = -r23 >- ri2 + ru A ris. (4.2.8) 

Proof. The conclusion follows from a similar proof as of Proposition 3.4.13. □ 

Lemma 4.2.4. Let {A, \, y, \, y) be a quadri-algebra and r G A ® A. Let r be skew- 
symmetric. 

(1) Equation (3.4-17) holds if and only if equation (4.2.8) holds. 

(2) Equation (3.4.18) holds if and only if equation (4.2.6) holds. 

(3) Equation (3.4.19) holds if and only if equation (4.2.5) holds. 

(4) equation (3.4.19) holds if and only if equation (4-2.7) holds. 

Proof. Let cf\23 , ci32 : A'SiA'SiA^A'SiA'SiAhe two linear maps given by 

o-i23{x fSiy ^ z) = z ^ X ^y, ai^2{x ® y ® z) = y ® z ® x, yx,y,zeA, 
respectively. Then we have the following equations. 

o-i32(ri3 ^ ^23 - r23 Ari2 - ri2 ^ ri3) = r32 ;^ ri2 - ri2 A r3i - r3i r32 

= -r23 y ri2 + ri2 A ri3 - ri3 y r23; 
0-123(^13 -< r23 + r23 /" Tu + r\2 V r23) = r2\ -< r3i + r3i y r23 + ''23 V r2i 

= rvi < r\3 - ri3 y r23 - ^23 V rvi\ 

0-132(n3 * ^^23 - ''23 \ n2 +ri2 \ ^13) = ^32 * ri2 - ri2 \ Tsi + Tsi \ r32 

= -r23 * ri2 + ri2 \ r^ + rv3 \ r23; 
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0-123(^3 * ^23 - ''23 \ ^2 + ri2 \ ria) = r2i * rai - rsi \ r23 + r23 \ r2i 

= n2 *n3 + ^3 \ '^23 - ^23 \ n2- 

Therefore the conclusion follows immediately. □ 

By Propositions 3.4.13 and 4.2.3 and Lemma 4.2.4, we have the following conclusion. 

Corollary 4.2.5. Let {A,\, y,\, y) be a quadri- algebra and r G A i^i A. Let r be skew- 
symmetric. Then the following conditions are equivalent. 

(1) r is an O-operator of the associated horizontal dendriform algebra {A, y, -<) associated to 
the bimodule {Ry. + Rt^,~L*y,~Ry,L\^ + L*y,A*). 

(2) r is an O-operator of the quadri- algebra {A,\, /^,\, y) associated to the bimodule 

(3) r satisfies equations (3.4.17) and (3.4.18) in {A,\, /',\, y). 

(4) r satisfies equations (4-2.6) and (4-2.8) in {A,\, /^,\, y). 

Definition 4.2.6. Let {A, \, \, be a quadri-algebra and r G ^4 (g) ^4. A set of equations 
(3.4.17) and (3.4.18) is called Q-equation in iA,\, 

Remark 4.2.7. Due to Corollary 4.2.5, it is reasonable to regard the Q-equation (a set of 
equations) in a quadri-algebra as an analogue of the classical Yang-Baxter equation in a Lie 
algebra. 

With a similar discussion as in subsection 3.3, we have the following results (see Proposition 
3.3.5, Corollaries 3.3.6 and 3.3.8). 

Theorem 4.2.8. Let {l\,r\,ly,ry,l-\,r-\,ly,ry,V) be a bimodule of a quadri-algebra {A, 
\, Let (r*, Z^, — ry, — Z!.,r^, Z*, — r^, — Z^, A*) be the dual bimodule given by Propo- 

sition 4-1-4- Let T : V ^ A be a linear map identified as an element in A<SiV* which is in the 
underlying vector space of 

(^A K^*^;^^_^* ) ^ (^A iKj^^^i^^_^^^_i*^^y.^^i^^_^^^_i^ ). 

Then r = T — cr(T) is a skew-symmetric solution of Q-equation in the quadri-algebra 

A Xr*,z* ,-r*,-z* ,r* ,lt,-r^,-ix ^* ^'^^l/ ^/ ^ O-opcrator of the quadri-algebra {A, 

\,/,\,/) associated to {l\,r\,l^,r/',l-\,r-\,ly,ry,V)- 

CoroUary 4.2.9. Let {A, y, ~<) be a dendriform algebra- Let {l^,r^,l^,r^, V) be a bimodule of 
A and {r^ +r'^, ~^*-<i —^yjy + ^*) be the dual bimodule given in Proposition 3.1.3. Suppose 
that T : V ^ A is an O-operator of {A, y, -<) associated to {ly,ry,l^,r^, V). Then r = T—a{T) 
is a skew-symmetric solution of Q-equation in the quadri-algebra 
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where T{V) C A is a quadri-algebra given by equation (3.4-9) and (r^ + —1^^,0,1^ + 

It^, —ry,0,V*) is its bimodule since its associated horizontal dendriform algebra T{V) is a den- 
driform subalgebra of {A, y, -<), and T can be identified as an element in T{V) (8) V* which is in 
the underlying vector space of 

{T{V) \Kr^+r*^^o^O -1*^,0,1^+1*^ -r^,0, V*) ^ {T{V) \Xr^+r*^^o^O,-l*^,0,ll+l*^,-rl,0, V*)- 

Corollary 4.2.10. (cf. Corollary 4.4.13) Let {A,\, /',\, y) be a quadri-algebra. Then 
r given by equation (2.2.9) is a skew- symmetric solution of Q- equation in the quadri-algebra 
■^^RX,o,o,-Ly,o,Lt/,-R*y,,oA*, where {ei, ■ ■ ■ , e„} is a basis of A and {e*, • • • , e*} is its dual basis. 

4.3. Bilinear forms on quadri-algebras and Q-equation. In this subsection, we consider 
the (symmetric and skew-symmetric) bilinear forms on quadri-algebras as we have done in 
subsections 2.2 and 3.2. 

Lemma 4.3.1. Let {A,\, y,\, ^) be a quadri-algebra. Let B be a symmetric bilinear form 
on A. Set 



for any x,y,z G A. Then any two equations of the three equations in the following sets can 
imply the third equation. 

(1) Equations (3.4.14), (3.4.15) and (4.3.1); 

(2) Equations (3.4.13), (3.4.16) and (4.3.2); 

(3) Equations (3.4.13), (3.4.15) and (4.3.3); 

(4) Equations (3.4.14), (3.4.16) and (4.3.4); 

(5) Equations (3.4.13), (3.4.14) and (4.3.5); 

(6) Equations (3.4.15), (3.4.16) and (4.3.6). 

Proof. It is straightforward. □ 

Definition 4.3.2. Let (A, \,/',\,/) be a quadri-algebra. A symmetric bilinear form B on 
A is called invariant if B satisfies equations (3.4. 13)- (3.4. 16). 

Corollary 4.3.3. Any symmetric invariant bilinear form on a quadri-algebra is a 2-cocycle of 
the associated horizontal dendriform algebra. 

Proof. It follows immediately from the sum of equations (3.4.13)-(3.4.16). □ 
By Proposition 3.4.11 and Corollary 4.3.3, we have the following result. 



B{x,y y z) = B{xAy,z), 
B{y,z <x) = B{xy y,z), 
B{x\y,z) = B{x,y\z), 



(4.3.1) 
(4.3.2) 
(4.3.3) 
(4.3.4) 
(4.3.5) 
(4.3.6) 



B{x /y, z) + B{z / x,y) + B{y*z,x) = Q, 
B{x \y,z)+ B{y / z,x) - B{z y x,y) = 0, 
B{x\y,z)-\-B{zy x,y)-B{y<z,x)=0, 
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Corollary 4.3.4. Let {A,y,~<) be a dendriform algebra and B be a nondegenerate symmetric 
bilinear form. Then B is a 2-cocycle of {A, y, ~<) if and only if B is invariant on the compatible 
quadri- algebra structure given by equations (3.4-13)-(3.4-16) which (yl, >-,-<) is the associated 
horizontal dendriform algebra. 

Remark 4.3.5. In Remark 4.2.7, we have seen that the Q-equation in a quadri-algebra is an 
analogue of the classical Yang-Baxter equation as an O-operator of the quadri-algebra (or equiv- 
alently, its associated horizontal dendriform algebra) associated to certain dual bimodule. On 
the other hand, similar to the associative Yang-Baxter equation in an associative algebra com- 
ing from the double construction of the nondegenerate symmetric invariant bilinear forms on 
associative algebras and /^-equation in a dendriform algebra coming from the double construc- 
tions of the nondegenerate (skew-symmetric) invariant bilinear forms on dendriform algebras 
(or equivalently, the double construction of the nondegenerate Connes cocycles on associative 
algebras), it is quite reasonable to believe that the Q-equation in a quadri-algebra should be re- 
lated to certain "double construction" of the nondegenerate (symmetric) invariant bilinear forms 
on quadri-algebras (or equivalently, the double construction of the nondegenerate 2-cocycles on 
dendriform algebras). In fact, such a conclusion has been proved in |Nij . 

Next we turn to the study of skew-symmetric bilinear forms on quadri-algebras. 

Theorem 4.3.6. Let (j4, \, \, ^/) be a quadri-algebra and r A ® A. Suppose that r is 
skew- symmetric and nondegenerate. Then r is a solution of Q-equation in A if and only if the 
inverse of the isomorphism A* ^ A induced by r, regarded as a bilinear form to on A (that is, 
uj{x,y) = {r^^x,y) for any x,y £ A) satisfies (for any x,y, z £ A) 

io{z, X y y) — Lo{x,y z) + uj{y, z A x) = 0, uj{z, x ^ y) -\- uj{x,y\/ z) — u!{y, z y x) = 0. (4.3.7) 
Proof. Let r = ^ aj (g) 6j. Since r is skew-symmetric, we have Yl^i^^i — ~Y^bi(^ai. Therefore 

i i i 

r{v*) = — ., ai)bi = Yl,{v* ■,bi)ai for any v* G A*. Since r is nondegenerate, for any x,y,z € 

i i 

A, there exist u*,v*,w* € A* such that x = r{u*),y = r{v*),z = r(w*). Therefore 



{u* (g) w*,ri3 >- r23) 



'^{u*,ai){v*,aj){w*,bi >- bj) 



{r{u*) >~ r{v*),w*) = uj[z,x >- y); 




{u* (g (g) w*,ri2 / r2z) 



— {r{w*) A r{u*),v*) = —u){y, z A x); 
'^{u*,ai / aj){v* ,bi){w* ,bj >- bj) 



{r{v*) / r{w*),u*) = uj{x,y / z). 



So r satisfies equation (3.4.17) if and only if w satisfies 



ijj(z., x y y) — u){x, y y z) + oj{y, z A x) = 0, Vx, y, z G A. 
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Similarly, r satisfies equation (3.4.18) if and only if iv satisfies 

uj{z, X ^ y) + ijj{x, yy z) — u){y, z y x) = 0, Vx, y, z G A. 

□ 

Definition 4.3.7. Let (j4, \, \, be a quadri-algebra. A skew-symmetric bilinear form 
u; on A is called a 2-cocycle if to satisfies equation (4.3.7). 

By Corollary 4.2.10 and Theorem 4.3.6, we have the following conclusion. 

Corollary 4.3.8. Let {A,\, y ,\, be a quadri-algebra. Then the skew- symmetric solution 
of Q-equation in the quadri-algebra ^ X/j* ^o,o,-L^,o,Lv:-^/.o^* ff^'^^n by equation (2.2.9) induces 
a natural 2-cocycle uj on A xr* ,o,o,-l^,o,l^,-_r^,o ^* t^"^ : A® A* ^ {A® A*)* , which is 
given by equation (2.2.10). 

4.4. O-operators of quadri-algebras and octo-algebras. 

Definition 4.4.1. ( [Le3] ) Let A be a vector space with eight bilinear products denoted by 

\l, \2, /l, /2, \l, \2, /l, /2: ^ ^ ^ ^. 

(^; \i) \2, /"i, /'2, \i, \2, w/ii X2) is called an octo-algebra if for any x,y,z e A, 

(x \iy)\iz = x \i (y * z), {x /i y) \i z = a; /i {y <C z), {x Ai y) /i z = a; /i {y > z), (4.4.1) 

{x yiy)\i z^x /i {y f\ z), {x \i y) \i z ^ x \i {y \i2 z), {x Viy) /i z ^ x \i {y /12 z), 

(4.4.2) 

(x ^1 y) ^1 z = X /i (y Y z), {x ^1 y) /12 z = x \i (y /12 z), (xSiy) \i z = x \i {y \i2 z), 

(4.4.3) 

(x \2 y) \i z = X \2 (ySiz), (x /2 y) \i ^ = a; /a (y ^1 z), (a; A2 y) /i z = x /2 (y )-i z), (4.4.4) 

{x /2y)\i z^x /2 (y Ai z), (x \2 y) \i z = X \2 (y \i z), (x V2 y) /i z = x \2 (y /i z), 

(4.4.5) 

[x <2y) /\z = x /2 {y\l\ z), (x >2y) / \ z ^ X \2 (y /\ z), (xS2y) \i z X \2 (y \i z), (4.4.6) 

(a:^ \i2 y) \2 z = X \2 (yS2z), (x /12 y) \2 z x /2 (y ^2 ^), {x f\y) / 2 z ^ x / 2 (y >-2 z), 

(4.4.7) 

(a: /12 y) \2 z = a; /2 (y A2 z), (x \i2 y) \2 z = x \2 (y \2 z), {x\/ y) ^2 z ^ x \2 (y /2 ^), 

(4.4.8) 

(x < y) /2 z = a; /2 (y V2 z), (x > y) ^2 ^ = a; \2 (y /2 ^), (a; * y) \2 z = x \2 (y \2 z), (4.4.9) 
where 

X y = X /"i y + X \i y, x y = x \i y + x / i y, i = 1, 2; (4.4.10) 
xViy = X \i y + X y, X Aiy = X yi y + X \i y, i = l,2; (4.4.11) 
x\J y = xViy + xy2y, x /\y = x Ai y + x A2 V, (4.4.12) 
x»?/ = j;^iy + j;^2y, x ^ y = x y -\- x ^2 V, (4.4.13) 
2; y = X 01 y + X 02 y, with o G {\,/^,\,\}; (4.4.14) 
xSiy = X Vi y + x Ai y = X ^1 y + x ^1 y, xS2y = x V2 y + x A2 y = x ^2 2/ + a; -<2 y; (4.4.15) 
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and 

2 

x*y = xT,iy + xJ:2y = ^(2; \i y + x yi y + x \i y + x y). (4.4.16) 

1=1 

Proposition 4.4.2. ( |Le3| ) -^^ei \i, \2, /'i, ^2, \i, \2, ^/i, 1/2) he an octo- algebra. 

(1) The product given by equation (4-4- H) defines a quadri- algebra \i2)^ 121X121 1/12J 
which is called the associated depth quadri- algebra of (A, \i, \2) /"i, /'2) \i) \2, i/ii k/2)- 
And \i, \2, /'i) ^2) \i7 \2i i/i) 1/2) is called a compatible octo-algebra structure on the 
(depth) quadri- algebra \i2, /^12, \i2, k/i2)- 

(2) The product given by equation (4-4-10) defines a quadri- algebra [A, ^2, ^ii ^15^2^ which 
is called the associated vertical quadri- algebra of {A,\i,\2, yi, y 2, \i,\2, y'l, y 2)- And 
{A,\i,\2, y 1, /'21 \ii \25 v/ii k/2) is called a compatible octo-algebra structure on the (ver- 
tical) quadri- algebra {A, ^2, ~<i, ^2)- 

(3) The product given by equation (4-4-11) defines a quadri- algebra (yl, V2, A2, Ai, Vi j which 
is called the associated horizontal quadri- algebra of (^4, \i, \2, /'i, /'2) \i5 \2) yi-, 1/2)- And 

\i, \2, /'i, /'25 \ii \2i i/i) 1/2) is called a compatible octo-algebra structure on the hori- 
zontal quadri- algebra V2, A2, Ai, Vi 

(4) The product given by equation (4.4-12) defines a dendriform algebra {A,\/,/\). It is the 
associated vertical dendriform algebra of both the quadri- algebras \i2j /'i2) \i2j k/i2) <ind 
(yl,V2,A2,Ai,Vi;. 

(5) The product given by equation (4-4-i3) defines a dendriform algebra (^,S>,<C). It is the 
associated horizontal dendriform algebra of both the quadri- algebras {A, \i2, y 12, \i2) 1/12) CLnd 
(yl,>-2,^i,^i,-<2). 

(6) The product given by equation (4-4-15) defines a dendriform algebra (A, S2,Si). It is 
the associated horizontal dendriform algebra of the quadri- algebra V2, A2, Ai, Vi j and the 
associated vertical dendriform algebra of the quadri- algebra {A, >-2, >-i^ ^1, ^2)- 

(7) The product given by equation (4-4-16) defines an associative algebra {A^ *) which is called 
the associated associative algebra 0/ (A, \i, \2, /"i, /'2, \i, \2, i/i, X2)- And (74,\i,\2, 
yii y2i \i) \2) yi-, y2) is called a compatible octo-algebra structure on the associative algebra 
{A,*). 

For brevity, we pay our main attention to tiie study of the associated deptli quadri-algebras 
of ttie octo-algebras. Tiie corresponding study on the associated vertical and horizontal quadri- 
algebras are completely similar. 

Proposition 4.4.3. Let A be a vector space with eight bilinear products denoted by \i,\2; 
/i, /2, \i, \2, /i, y2-A(^A^ A. Then {A, \i, \2, /i, ^2, \i, \2, /i, ^2) is an octo- 
algebra if and only (A, \i2, /'12, \i2, 1/12) defined by equation (4.4-14) is a quadri- algebra 
and {L\,^ , , Lz-^ , ii/-^ , L\^,^ , R\^-^ , Ly,^, Ry-^, A) is a bimodule. 

Proof. The conclusions can be obtained from the following correspondence by substituting 
{L\^, R\-^^, L y^,Ry-^^, L-^^, 5 -^^^2' -^/n ^) i^to equations (4.1.1)-(4.1.9). 
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□ 



Corollary 4.4.4. Let (A, \i, \2, /'2, \i, \2, ^/i, w/2) be an octo-algebra. 

(1) (L\2) -^/i ) -^^2' ^\i> ^) ^-^ ^ bimodule of the dendriform algebra {A,^,<^). 

(2) {L\^, R\^^, A) is a bimodule of the associated associative algebra {A,*). 

Proof. (1) follows from Propositions 4.1.2, 4.4.2 and 4.4.3. (2) follows from Corollary 4.1.3 and 
Proposition 4.4.3. □ 

Corollary 4.4.5. Let (A, \i, \2, /"i, ^2, \i, \2, 1/2) be an octo-algebra and (^, \i2, 
/" I25\i25,/i2j be the associated depth quadri- algebra. Then 

(-^\l2 ) -^\l2 ) ^/l2 5 ^/l2 > -^\l2 ' -^\l2 5 -^/l2 > ^/l2 ' ^) > (-^\l2 > 0> 0) ^/w 5 0) -^\l2 > -^/l2 5 0) ^) ) 
{^/l2 + -^\l2 ) 0) R/l2 + -^\l2 5 0) -^\l2 + -^/l2 > -^\l2 + ^ / 12 ) 0) ^) ) 

and (L^2 +K2,0,0,i?^, +i?\i,0,i?v + V2,0,A), 

are bimodules of {A, \i2, /'12, \i2, w/i2)- 0?^ ^/^e ot/ier hand, 

/ Tj* r* r?* r* ry* r* tj* r* t D* n fl T* n T* r?* n 4*^ 

l-K^ji^i^^a'^-^V" \i2' *'~ >'~ A' V-"'*)U, U - i^^,U, iv^, -it^,U, A J, 

(i?;^, 0, 0, -Ly^^ ,o,L*y, -Ry^^ , o, a*), 

l-n'Si)-^\2'~-'^Vi>~-^^2'-'^\i'-^S2'~-'^:^i'~-^A2'^ l-f^EijU, U — iv^j'U, -i^S2'~-'^:^i'U, A j, 

and {RX^ , 0, 0, -L^^ , 0, L*^ , -R^^ ,0,A*) 
are bimodules of {A, \i2, /^i2,\i2, y 12), too. 

Proof. It follows from Propositions 4.1.2 and 4.1.4, Example 4.1.6 and Proposition 4.4.3. □ 

Proposition 4.4.6. Let T : V ^ A be an O-operator of a quadri- algebra {A, \, y, \, y) 

associated to a bimodule {l\,r\,l ^, ry,l\^,r\^,ly,ry,V). Then there exists an octo-algebra 
structure on V given by 

u\iv = r\{T{v))u, u\2V = l\{T{u))v, u /iv = r y'{T{v))u, u /2 V = 1 y-{T{u))v, 

u \i V = r\^{T{v))u, u \2 V = l\^{T{u))v, u ^/i v = r/{T{v))u, u /2 v = l/{T{u))v, 

(4.4.17) 
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for any u,v G V. Therefore there exists a quadri- algebra structure on V given by equation 
(4-4-14) cndT is a homomorphism of quadri- algebras. Furthermore, T(y) = {T{v)\v E V} C A 
is a quadri- subalgebra of A and there is an induced octo-algebra structure on T(y) given by 



T{u) \i T{v) = T{u \i v), T{u) \2 T{v) = T{u \2 v), T{u) /i T{v) = T{u /i v), 
T{u) /2 T{v) = T{u /2 v), T{u) \i T{v) = T{u \i v), T{u) \2 T{v) = T{u \2 v), 



Moreover, its corresponding associated depth quadri- algebra structure on T(y) given by equation 
is just the quadri- subalgebra structure of {A,\, and T is a homomorphism 

of quadri- algebras. 

Proof. The proof is similar as of Proposition 3.4.6, where a similar correspondence is given in 



Definition 4.4.7. ([Le3]) Let {A,\, y") be a quadri-algebra. An C-operator R of 

{A, \, y, \, y) associated to the regular bimodule {L\^, R\, Ly', R y-, L-^, R\^, Ly,Ry,A) is 
called a Rota-Baxter operator on {A, \, \, y), that is, R satisfies (for any x,y ^ A) 



R{x \y) = R{R{x) \y + x\ R{y)), R{x / y) = R{R{x) /y + x/ R{y)), 
R{x \y) = R{R{x) \y + x\ R{y)), R{x / y) = R{R{x) /y + x/ R{y)). (4.4.19) 



By Proposition 4.4.6, the following conclusion follows immediately. 

Corollary 4.4.8. ( |Le3j . Proposition 5.12) Let [A, \, /, \, /) be a quadri-algebra and R be 
a Rota-Baxter operator on (yl, \, \, j/). Then there exists an octo-algebra structure on A 
defined by (for any x,y G A) 

x\iy = x\ R{y), x \2 y = R{x) \ y, x /iy = x / R{y), x / 2 y = R{x) / y, 

x\iy = x\ R{y), x \2 y = i?(x) \y, x/iy = x/ R{y), x/2y = R{x) / y. (4.4.20) 

Lemma 4.4.9. ([AL], Proposition 2.5 and |Le3| . Proposition 5.13) Let R\,R2 and R3 be three 
pairwise commutating Rota-Baxter operators on an associative algebra (A,*). Then R2 is a 
Rota-Baxter operator on the dendriform algebra obtained from R3 by Corollary 2.1.9. Moreover, 
Ri is a Rota-Baxter operator on the quadri-algebra obtained from the above dendriform algebra 
and i?2 by Corollary 3.4.8. 

Therefore by Corollaries 2.1.9, 3.4.8 and 4.4.8, it is obvious that the Rota-Baxter operators 
on associative algebras also can construct octo-algebras as follows. 

Corollary 4.4.10. Let Ri,R2 and R3 be three pairwise commuting Rota-Baxter operators on 



an associative algebra (A,*). Then there exists an octo-algebra structure on A defined by 
x\iy = i?2-R3(x) * Riiy), x \2 y = RiR2R3ix) *y, x / 1 y = R2{x) * RiRsiy), 
X /2y = RiR2{x) * Rz{y),x /ly = R^ix) * RiR2{y), x /2y = RiR?,{x) * R2{y), 



T{u) /i T{v) = T{u /i v), T{u) /2 T{v) = T{u /2 V), , ^u,v G V. 



(4.4.18) 



the proof of Proposition 4.4.3. 



□ 
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x\iy = x* RiRiRsiy), x\2y = Ri{x) * R2Rz{y), Vx, y e A. (4.4.21) 

Corollary 4.4.11. Let (A, \,/',\,^) he a quadri-algebra. Then there exists a compatible 
octo-algebra structure on A such that {A,\, y,\, ^) is the associated depth quadri-algebra if 
and only if there exists an invertible O-operator T of {A, \, y, \, y) associated to certain 
bimodule {l\,r\, ly',ry',l\^,r\^,ly,r/,V) (hence dimV = dim A). 

Proof. The compatible octo-algebra structure on {A, \, \, y) is given by 

x\iy = T{r^{y)T-^{x)), x \2 y = Ti\{x)T~\y)), x/^y = T{r ^{y)T-\x)), 
x/2y = T{l^{x)T-\y)), x/iy = T{ry{y)T-\x)), x/2y = T{ly{x)T-\y)), 
x\iy = T{r^{y)T-\x)), x \2 y = T{l^{x)T-\y)), Vx,y G A. 

Conversely, let {A, \i, \2, /'i, /'2, \i, \2, /i, ^2) be an octo-algebra and {A, \i2, /'12, \i2, 
k/12) be the associated depth quadri-algebra. Then {L\^^ , R\i , Ly^, Ry^, L\^^ , R\i ,Ly^, Ry^, 
A) is a bimodule of {A, \i2, yi2, \i2, 1/12) and the identity map id is an O-operator of {A, \, 
\, ^) associated to it. □ 

Proposition 4.4.12. Let (A, \, \, y ) he a quadri-algebra. If there is a nondegenerate skew- 
symmetric 2-cocycle uj of {A,\, y,\, y), then there exists a compatible octo-algebra structure 
on {A, \, \, defined by (for any x,y, z £ A) 

^{x \i y, z) = u{x, y\z), uj{x \2 y, z) = u{y, z * x), 
^{x /\ y, z) = uj{x, -y ■< z), uj{x \2 y, z) = u{y, -z V x), 

<^{x \i y, z) = y * z), u{x \2 y, z) = Lo{y, z \ x), 
uj{x yiy,z) = uj{x,-y A z), uj{x ^2 y, z) = uj{y, -z y x), (4.4.22) 
such that {A, \, y, \, ^) is the associated depth quadri-algebra. 

Proof. The proof is similar as of Proposition 3.4.11. Here the invertible linear map T : A ^ A* 
is defined by {T{x),y) = uj(x,y). Then is an invertible O-operator of (^, \, \, i/) 
associated to the bimodule (i?*,L^, -R^, -L*^, R^, LI, -R"^, -L*^, A*). □ 

Corollary 4.4.13. (cf. Corollary 4.2.10) Let (A \i, \2, /i, ^2, \i, \2, /i, ^2) be an 

octo-algebra and {A,\i2, y I2j\i2ji/i2) be the associated depth quadri-algebra. Then r given 
by equation (2.2.9) is a skew- symmetric solution of Q -equation in the quadri-algebra 

where {ei, • • • , e„} is a basis of A and {e|, • • • , e* } is its dual basis. Moreover there is a natural 
2-cocycle of the quadri-algebra A R^^,Li^_^,^R*^,^Li,^^Mz^^^.L*^^-R*^^-LX^ A*, induced by r~^ : 
^0^4* ^ {A® A*)*, which is given by equation (2.2.10). 
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Proof. The proof is similar as of Proposition 3.4.12. Note that here 

is the dual bimodule of the bimodule {L\^ , R\-^ , Ly'^, R^-^, L\^^ , R\^-^ , Ly^, Ry-^^, A) of the as- 
sociated depth quadri-algebra {A, \i2, y 12, \i2, i/12) and id is an O-operator of {A, \i2, /' 12, 
\i2, 1/12) associated to the bimodule {L\^,R\-^ ,Ly^,Ry^, L-^^^R^^^ , Ly,^, Ry-^, A). □ 

Proposition 4.4.14. Let {A,\i,\2, /^i, /^2,\i,\2, ^i, ^2) be an octo-algebra and {A, 
\i2; ^i2i \i2i k/12) the associated depth quadri-algebra. Let r G A® A he symmetric. 
Then r is an O-operator of {A, \i2, /' 12, \i2, X12) associated to the bimodule 

i/ and on/y if r satisfies 

ri3 \ ^^23 = 'r23Siri2 + ri2 \2 Hs, (4.4.23) 

ri3 / T23 = -'^23 Vi ri2 - ri2 -<2 ri3, (4.4.24) 

ri3 \ ^^23 = '^23 \i ri2 + f'i2S2ri3, (4.4.25) 

ri3 / r23 = -r23 ^1 rx2 - rv2 A2 ^13. (4.4.26) 

Proof. The proof is similar as of Proposition 3.4.13. □ 

Remark 4.4.15. From the study in the previous sections, it is enough reasonable to regard a 
set of equations (4.4.23)-(4.2.26) in an octo-algebra as an analogue of the classical Yang-Baxter 
equation ( |NBj ). We call it O -equation in an octo-algebra. 

5. Summary and generalization 

5.1. Summary. We can summarize the study in the previous sections as follows. 

(I) Algebra structures. The relations between the different algebras appearing in this paper 
can be summarized by the following diagram. 

O— operator 



Associative algebras < — > Dendriform algebras 

O— operator 



Quadri-algebras 



O— operator 



Oct o- algebras 



T-T , 1 ■ f- O— operator . . „ , 

Here the meaning of < — > is given as follows. 

(a) — ^ '. An arrow-ending algebra can be obtained from an arrow-starting algebra by an 
O-operator of the arrow-starting algebra (see Theorem 2.1.8, Proposition 3.4.6 and Proposition 
4.4.6). As special cases, the construction of the arrow-ending algebras from the arrow-starting 



algebras by the Rota-Baxter operators follows immediately ( |Ag2 . [ALj . [Le3] ) . 



/, s O— operator . • i i i- i 

(bj < — : Ihe existence of a compatible arrow-startmg algebra on an arrow-ending al- 
gebra is decided by the existence of an invertible O-operator of the arrow-ending algebra (see 
Corollary 2.1.10, Corollary 3.4.10, Corollary 4.4.11). In particular, id is an O-operator of the 
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arrow-ending algebra associated to certain bimodule given by the multiplication operators (or 
equivalently, the definition identities) of the arrow-starting algebras (see Corollary 2.1.7, Propo- 
sition 3.4.3 and Proposition 4.4.3). 

(II) Algebraic equations (analogues of the classical Yang-Baxter equation) and bilinear forms. 
There is a "chain" of algebraic equations and bilinear forms on the associative algebras, dendri- 
form algebras and quadri-algcbras corresponding to the algebra relations given in the above (I). 
It can be interpreted explicitly by the following diagrams. 

Associative algebra 
Symmetric bilinear form 
Invariant 



I D.C. 



Associative algebra 

Associative Yang-Baxter 

equation 
Skew-symmetric solution 
Skew-symmetric part of an 
O-operator 
O-operator associated to 

{R*,L*) 

I D.C, 



Associative algebra 
D-equation in a dendriform 
algebra 
Symmetric sohition 
Symmetric part of an 
O-operator 
O-operator associated to 



Associative algebra 



Skew-symmetric bilinear form 



Connes cocycle 



Dendriform algebra 



Part (Al) 



Part (All) 



Part (Alll) 
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Dendriform algebra 



Skew-symmetric bilinear form 



Invariant 



I D.C. 



Dendriform algebra 



D-equation in a dendriform 
algebra 



Symmetric solution 



Symmetric part of an 
O-operator 



O-opcrator associated to 



Dendriform algebra 



Symmetric bilinear form 



2-cocycle 



Quadri-algebra 



Dendriform algebra 



Q-equation in a quadri-algebra 



Skew-symmetric solution 



Skew-symmetric part of an 
O-operator 



O-operator associated to 

/ r>* r * p* T * \ 



Part (DI) 



Part (DII) 



Part (Dili) 



Quadri-algebra 

Symnwrtric bilin(^ar form 
Iu\-rtriHiit 



Quadri-algebra 



Q-equation in a quadri- 
algebra 



Skew-symmetric solution 



Skew-symmetric part of an 
O-operator 



O-operator associated to 



-Rl 



-LI 



Quadri-algebra 



Skew-symmetric bilinear form 



2-cocycle 



Octo- algebra 



Quadri-algebra 



O-equation in an octo-algebra 



Symmetric solution 



O-operator associated to 



R 



^2' 



A2 



Part (QI) 



Part (QII) 



Part (QUI) 
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Here "D.C." is the abbreviation of "double construction" and "= 
Moreover, we have the following equivalences. 

Part (All) Part (DI); Part (DII) 

A simplified illustration can be expressed as follows. 



>" is under the invertible cases. 



Part (QI). 



Symmetric bilinear form 



Associative algebra 



AYBE 



D— equation 



Q— equation 



Skew-symmetric bilinear form 



Associative algebra 



Dendriform algebra 



Symmetric bilinear form 



Dendriform algebra 



Quadri-algebra 



Skew-symmetric bilinear form 



Quadri-algebra 



Octo- algebra 



5.2. Generalization. It is of course natural to continue and extend the study in the previous 
sections to octo-algebras (to study their O-operators on and the related topics) and even the 
algebra systems with more operations in an associative cluster. In fact, we can give an outline 
of such a study by induction. Thus, starting from the associative algebras, a similar study as in 
this paper can be easily given for any algebra with 2^ operations in an associative cluster. 

Let (^, oi,02, • • • ,02n) be an algebra with 2" operations in an associative cluster. Suppose 
that there has already been a similar study as follows on the algebras with 2"* operations for any 
m < n. In particular, a bilinear form on A satisfying certain conditions with fixed symmetry 
(see the following step (5)) is known due to our assumption that the theory starts from the 
associative algebras with symmetric invariant bilinear forms. Without loss of generality, we 
assume that it is symmetric. Then the whole study can be divided into 6 steps and the explicit 
procedure is given as follows. 

Step (1) Give the bimodule structures of {A, o^, 02, • • • , 02n). It can be done by the way of 
semidirect sum ([Sc]). It is easy to get the relations of between them and the bimodules of the 
algebras with 2"^ operations for any m < n. Then the dual bimodule structure (see the proof of 
Proposition 4.1.4) can be found. 

Step (2) Take the 2"^^ operations on A denoted by 



„i ^2 „i 2 



, oL. oL : A (g) A ^ A. 



^li "2> "2' ■ ■ ■ > ^2"! ""2" 

The definition identity of the algebra {A, oj, o^, o^, o^, • • • , o^„, o^„) is decided by 

xoiy = xo]y + xoi y, \/x,y ^ A 

and (L„2,i?„i, • • • ,Lq^,R^i^,A) is a bimodule of (A, 01,02, - • • ,02n). 

Step (3) Define the O-operators of [A, o^, 02, • • • , 02n) by a natural and obvious way. Then 
the relations between the two algebras, in particular, the construction of (A, o]^, o^^ 02, Og, • • • , 
o\n, o|„) from {A, oi, 02, ■ • • , 02n) with an O-operator of the latter algebra and the existence of 
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the former algebra in the latter algebra are given as we have summarized in (I) in subsection 
5.1. 

Step (4) The skew-symmetric O-operator of oi,02,-- - ,02^) associated to the dual bi- 
module of the regular bimodule (Loi , Roi , Lo^n , -Rogn , A) of (A, oi , 02 , • • • , 02n ) gives an ex- 
plicit algebraic equation (or a set of equations) in (A, 0^, 02, • • • , 02n), which can be regarded as 
an analogue of the classical Yang-Baxter equation. 

Step (5) The skew-symmetric invertible solution of the equation obtained in the step (4) gives 
a skew-symmetric bilinear form satisfying certain conditions. Moreover, such a nondegenerate 
skew-symmetric bilinear form can induce an algebra (A, oj, o|, o^, o|, • • • , o|„, o|„) and the skew- 
symmetric bilinear form is just what we try to find for both 

(^, 01,02, ••• ,02n) and (^, o^,o2,o^,o|,--- ,o^„,o2„). 

Step (6) The symmetric O-operator of (A, oi, 02, • • • , 02n) associated to the dual bimodule 
of the bimodule 

can give an algebraic equation (or a set of equations) in {A, o];, o^, o|, o|, • • • , o|„, o|„) which can 
also be regarded as an analogue of the classical Yang-Baxter equation (it coincides with the 
equation given in the step (4) for the algebra (^, o^, o|, o|, ■ ■ ■ , o^„, o|„)). 

It is also reasonable to give the following conjecture, which may indicate an application of the 
analogues of the classical Yang-Baxter equation. 

Conjecture There should be a similar double construction of the nondegenerate bilinear 
forms corresponding to the algebraic equation given in the above step (4) for any algebra 
(^,oi,02,-- - ,02n) as we have shown in subsections 2.2, 2.3 and 3.2 for associative algebras 
and dendriform algebras ( |Bai3| ). It has been proved to be true for quadri-algebras ( [Nij ) and 
octo-algebras ( |NB] ). 

As we have pointed out in the Introduction, it is likely to give an operadic interpretation for 
the study in this paper and the further development on this subject. 
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